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QUANTIZATION OF SYMPLECTIC TORI IN A REAL
POLARIZATION
MIHAELA MANOLIU
Abstract. We apply the geometric quantization method with real polariza-
tions to the quantization of a symplectic torus. By quantizing with half-densities
we canonically associate to the symplectic torus a projective Hilbert space and
prove that the projective factor is expressible in terms of the Maslov-Kashiwara
index. As in the quantization of a linear symplectic space, we have two ways
of resolving the projective ambiguity: (i) by introducing a metaplectic struc-
ture and using half-forms in the definition of the Hilbert space; (ii) by choosing
a 4-fold cover of the Lagrangian Grassmannian of the linear symplectic space
covering the torus. We show that the Hilbert space constructed through either
of these approaches realizes a unitary representation of the integer metaplectic
group.
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1. Introduction
In this paper we apply the geometric quantization procedure to the quantization
of a symplectic torus (V/Z, kω), where Z is a self-dual lattice in the symplectic
vector space (V, ω) and k a positive even integer.
The basic ingredients for the geometric quantization of a symplectic manifold
are a prequantum line bundle L and a polarization P. We use invariant real polar-
izations of (V/Z, kω) which correspond to ’rational’ Lagrangian planes in (V, ω).
Such a polarization P foliates the torus by Lagrangian submanifolds and each leaf
of P has a canonically defined flat linear connection. This connection induces an
operator of partial covariant differentiation along vectors in P acting on sections of
the bundle of half-densities of P. The Hilbert space of quantization is constructed
from the space of P-parallel sections of the line bundle obtained by tensoring the
prequantum line bundle L with the half-density bundle of P. Since the leaves of
the foliation P are compact one can only speak of distributional sections covari-
antly constant along these leaves. Their support defines the Bohr-Sommerfeld set
in V/Z. The Hilbert space HP constructed with the real polarization P is a finite
dimensional inner product space.
An essential problem in geometric quantization is that of comparing the Hilbert
spaces of different polarizations. This requires the construction of the Blattner-
Kostant-Sternberg (BKS) pairing. In our case the pairing leads, for any two po-
larizations, to a unitary isomorphism between the corresponding Hilbert spaces.
QUANTIZATION OF SYMPLECTIC TORI IN A REAL POLARIZATION 3
Moreover, we prove that the unitary operators relating the Hilbert spaces of dif-
ferent polarizations satisfy a transitive composition law up to a projective factor.
The projective ambiguity is expressible in terms of the Maslov-Kashiwara index of
a triple of Lagrangian subspaces in (V, ω). Thus quantization with half-densities
canonically associates to (V/Z, kω) a projective Hilbert space.
One can refine the above construction by introducing a metaplectic structure
on (V/Z, kω) and using half-forms instead of half-densities in the definition of the
Hilbert space. This requires an appropriate redefinition of the BKS pairing. As a
result the projective ambiguity is resolved and we are able to canonically associate
a Hilbert space to a symplectic torus (V, kω) with a choice of metaplectic frame
bundle.
An alternative way of resolving the projective factor is by choosing a 4-fold
covering space Lag4(V) of the Lagrangian Grassmannian Lag(V) of (V, ω). The
lift of the Maslov-Kashiwara index to Lag4(V) can be expressed as the coboundary
of the Maslov index associated to a pair of elements in Lag4(V). In this approach
a Hilbert space is associated to a symplectic torus (V/Z, kω) plus a choice of a
4-fold cover of Lag(V).
The group Sp(Z) of symplectic transformations of (V, ω) which preserve the lat-
tice Z and its double coverMp(Z), the integer metaplectic group, act on (V/Z, kω)
and the actions lift to the prequantum line bundle L. For a trivial metaplectic
structure on (V/Z, kω) the Mp(Z)-action lifts also to the metaplectic frame bun-
dle. We prove that the Hilbert space associated to (V/Z, kω) and a trivial meta-
plectic frame bundle realizes a unitary representation of Mp(Z). For a choice of a
nontrivial metaplectic structure only a subgroup of Mp(Z) is represented on the
respective Hilbert space. The group Mp(Z) acts naturally on a 4-fold cover of
Lag(V). This leads us to construct a unitary representation of Mp(Z) also on the
Hilbert space associated to (V/Z, kω) plus a choice of such 4-fold cover Lag4(V).
The quantization of the torus (V/Z, kω) is a sort of ’discrete’, finite dimensional
version of the quantization of the symplectic linear space (V, kω). In this respect
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it is not surprising that in the quantization with half-densities the projective am-
biguity is given in terms of the Maslov-Kashiwara triple index, similarly to the
vector space case analyzed in [GS, LV, Wo]. The idea of using a covering of the
Lagrangian Grassmannian of V and the Maslov index to resolve this projective
ambiguity is borrowed from [GS, LV] where this procedure was shown to lead to
a unitary representation of the real metaplectic group on the infinite dimensional
Hilbert space of quantization of a symplectic vector space. The use of a metaplec-
tic structure and half-forms in the construction of the quantum Hilbert space is
part of the general theory of geometric quantization [Bl, GS, Wo].
This paper arose from our work [Ma] on the U(1) Chern-Simons gauge the-
ory. There we had to address the problem of quantizing the moduli space MΣ of
flat U(1)-connections on a Riemann surface Σ using real polarizations. We recall
that MΣ is diffeomorphic to the torus H
1(Σ;R)/H1(Σ;Z) and carries a natural
symplectic structure, the push-down of the symplectic structure determined on
the cohomology space H1(Σ;R) by the intersection pairing. The geometric quan-
tization of the quotient of a symplectic vector space by a lattice using Ka¨hler
polarizations is discussed in [ADW]. It is also discussed in [G, R] in relation to
the U(1) Chern-Simons theory and the quantization of the moduli spaceMΣ. We
have benefited from these references, as well as from [JW, W] which describe the
quantization of the moduli space of flat SU(2)-connections on a Riemann surface
using a real polarization of this space. Besides its interest in the context of the
abelian Chern-Simons theory, the quantization of symplectic tori with real polar-
izations provides a nice example in which, like in the symplectic vector space case,
the geometric quantization program (prequantization, quantization, metaplectic
correction) can be fully carried through.
The organization of this paper is as follows. In Sect.2 we give a succinct de-
scription of some aspects of geometric quantization relevant to the subsequent
sections. We refer to the prequantum line bundle, real polarizations with compact
leaves, definition of the Hilbert space, action of symmetries. In Sect.3 we apply
the standard scheme of geometric quantization with half-densities to a symplectic
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torus (V/Z, kω). We construct the prequantum line bundle L and, for each choice
of invariant real polarization P of the torus, the corresponding Hilbert space HP .
In Sect.4 we describe the BKS pairing between the Hilbert spaces of any two real
transverse or nontransverse polarizations. Moreover, we prove that the induced
operator between the two Hilbert spaces is unitary. In Sect.5 we describe the
representation of the finite Heisenberg group on the Hilbert space HP defined in
Sect.3. In Sect.6 we prove by direct computation that the operators between the
Hilbert spaces of different polarizations compose transitively up to a projective
factor. We show that the projective ambiguity (an 8-th root of unity) can be ex-
pressed in terms of the Maslov-Kashiwara index of a triple of Lagrangian planes
in the symplectic linear space (V, ω). In Sect.7 we describe the metaplectic cor-
rection which enables us to construct a Hilbert space H˜. In Sect.8 we construct a
Hilbert H space by using a 4-fold cover of the Lagrangian Grassmannian of (V, ω).
In Sect.9 we show that the Hilbert space constructed through either approaches,
of Sect.7 or of Sect.8, realizes a unitary representation of the integer metaplectic
group.
2. Geometric quantization in a real polarization
We begin by briefly reviewing some aspects of the general scheme of geometric
quantization using real polarizations with compact leaves.
The basic object is a symplectic manifold (M,ω), that is, a smooth real man-
ifold M of dimension 2g together with a closed nondegenerate 2-form ω on M .
Each smooth function f ∈ C∞(M) generates a vector field Xf on M , called the
Hamiltonian vector field of f . The vector field Xf is uniquely determined by the
relation Xf | ω+ df = 0, where | denotes the interior product. The local flow of
Xf leaves the symplectic form ω invariant.
The symplectic manifold (M,ω) is said to be prequantizable if the cohomology
class [ω] ∈ H2(M ;R) defined by the symplectic form ω is an integral class. If this
condition is satisfied then one can construct a prequantum line bundle for (M,ω),
that is a complex line bundle L over M with a hermitian metric (·, ·) on its fibres
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and a unitary connection ∇ such that the curvature of ∇ is −2πiω. The set of
isomorphism classes of such line bundles with connections is a principal homoge-
neous space for the cohomology group H1(M ;T). Hence, unless H1(M ;T) = 0,
the choice of a prequantum line bundle (L,∇) is not unique.
Consider an open subset U ⊂ M such that L
∣∣
U
is trivializable and let s ∈
Γ(U ;L) be a nonzero section. Then, there exists a real 1-form θ on U such that
∇s = −2πi θ s
and ω
∣∣
U
= dθ. We call the 1-form θ a local symplectic potential for ω on U .
The quantization procedure requires the choice of a polarization, real or com-
plex, of (M,ω). We restrict ourselves to real polarizations. A real polarization
of the symplectic manifold (M,ω) is a subbundle P of the tangent bundle TM ,
which satisfies the conditions: (i) for each x ∈ M , Px is a Lagrangian subspace
of TxM , that is, ω
∣∣
Px
≡ 0 and dimPx =
1
2 dimTxM ; (ii) P defines an integrable
distribution. Let us denote by XP(M) the set of all vector fields on M tangent to
P. Then the condition (ii) is satisfied if and only if for any X,Y ∈ XP(M) their
commutator [X,Y ] ∈ XP(M). The integral manifolds of the real polarization P
are the leaves of a foliation of M by Lagrangian submanifolds. On each leaf Λ
of this foliation there is a canonically defined flat torsion-free linear connection
[We, Sn1, Wo]. It is determined by the operator ∇P of covariant differentiation
[Wo]
∇P : XP(M)× XP(M)−→ XP(M)(2.1)
(X,Y ) 7−→ ∇PX Y ,
defined by setting
(∇PX Y ) | ω = X | d (Y | ω) .
Let C∞P (M) denote the space of smooth functions on M constant on the leaves of
P. The Hamiltonian vector fields of functions in C∞P (M) belong to XP(M) and
are covariantly constant with respect to the connection ∇P .
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Remark 2.2. Assume that the symplectic manifold (M,ω) has a real polarization
P such that the space of leaves M/P has a manifold structure with the canon-
ical projection map ΠP : M → M/P defining a smooth locally trivial fibration
with compact connected fibres. Then each leaf Λ of P is diffeomorphic to a g-
dimensional torus T g [Ar, Du, Sn1, We]. The polarization P is locally spanned by
Hamiltonian vector fields. If U ⊂ M/P is a local coordinate neighborhood with
coordinate functions q1, . . . , qg, then the Hamiltonian vector fields Xq1 , . . . ,Xqg
of the functions q1 ◦ ΠP , . . . , qg ◦ ΠP commute and span P
∣∣
Π−1
P
(U)
. Let us recall
the definition of a particular set of local coordinates on M/P called the action
coordinates [Du, Ar]. For every point in M/P we can choose a neighborhood
U ⊂ M/P such that the symplectic form ω is exact on Π−1P (U) and such that
the fibration ΠP is trivial on U . Then, for each leaf Λ in Π
−1
P (U), we can pick a
basis γ1(Λ), . . . , γg(Λ) for the homology group H1(Λ;Z) such that the γi(Λ)’s vary
continuously with Λ in Π−1P (U). Let θ be a symplectic potential for ω on Π
−1
P (U).
The functions j1, . . . , jg defined by
ji(y) =
∫
γi(Λ)
θ , where y = ΠP(Λ) ,
form a local coordinate system on U . The Hamiltonian vector fields Xj1 , . . . ,Xjg
corresponding to the action coordinates j1, . . . , jg span P
∣∣
Π−1
P
(U)
. The vector field
Xji is tangent to the curve γi(Λ) and its flow is periodic with period 1. The
distribution P has a canonically defined density κ, invariant under the Hamiltonian
vector fields in P, and which assigns to each integral manifold Λ of P the volume 1.
It can be defined by setting, for each leaf Λ in Π−1P (U),
κ (Xj1
∣∣
Λ
, . . . ,Xjg
∣∣
Λ
) = 1 .(2.3)
Quantization associates to a symplectic manifold (M,ω) with real polarization
P and prequantum line bundle (L,∇) a Hilbert space HP . The construction of
HP makes use of half-densities relative to the polarization P. Let us first recall
the definition of a density of order p. Let V be a real n-dimensional vector space
and let p > 0. A density of order p on V is a map ν :
n
×V → R such that for
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any a ∈ GL(V) we have ν(v1 · a, . . . , vn · a) = |det a|
p ν(v1, . . . , vn). We let DetV
stand for the highest exterior power of V, that is DetV =
n
∧V. If V∗ is the vector
space dual to V, we let |DetV∗|p denote the one-dimensional space of p-densities
on V. The above definitions and notations generalize naturally to vector bundles.
Given a polarization P, consider the line bundles |DetP|
1
2 and |DetP∗|
1
2 . The
canonical flat linear connection (2.1) defined on each leaf of P induces operators∇P
of partial covariant differentiation along vectors tangent to P acting on sections of
|DetP|
1
2 , respectively |DetP∗|
1
2 . They are defined as follows [Sn3]. Let X1, . . . ,Xg
be a set of Hamiltonian vector fields spanning P
∣∣
Π−1
P
(U)
, for some open subset
U ⊂ M/P. Let X∗1 , . . . ,X
∗
g be the basis of P
∗
∣∣
Π−1
P
(U)
dual to X1, . . . ,Xg. For a
section ν of |DetP|
1
2 , the covariant derivative ∇PW ν is defined on Π
−1
P (U) by
(∇PW ν)(X
∗
1 , . . . ,X
∗
g ) = W ( ν(X
∗
1 , . . . ,X
∗
g ) ) ,(2.4)
for any vector field W ∈ P
∣∣
Π−1
P
(U)
. Similarly, the covariant derivative ∇PWµ of a
section µ of |DetP∗|
1
2 is given on Π−1P (U) by
(∇PW µ)(X1, . . . ,Xg) = W ( (µ(X1, . . . ,Xg) ) ,(2.5)
for any vector field W ∈ P
∣∣
Π−1
P
(U)
.
Now consider the line bundle LP = L⊗|DetP|
1
2 . The connection ∇ in L and the
operator ∇P of covariant differentiation of sections of |DetP|
1
2 in the P-direction
determine an operator ∇P of covariant differentiation along vectors in P acting on
sections of LP . It is defined by setting
∇PX(s⊗ ν) = ∇Xs⊗ ν + s⊗∇
P
Xν ,(2.6)
for any X ∈ XP(M) and section s⊗ ν ∈ Γ(M ;LP). If Λ is a leaf of P then, since
ω
∣∣
Λ
≡ 0, the covariant derivative operator defined in (2.6) induces a flat connection
on LP
∣∣
Λ
.
When the polarization P has non-simply connected leaves one takes as the
quantization of (M,ω,P,L,∇) the cohomological vector space H•(M ;P,LP ) of
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the complex [Sn2, Wo]
0 −→ Ω0P(LP)
∇P
−→ Ω1P(LP)
∇P
−→ · · ·
∇P
−→ ΩgP(LP) −→ 0
The space ΩkP(LP) is the space of smooth sections of the line bundle
k
∧P∗⊗LP on
M . The partial connection ∇P on LP extends naturally to an operator
∇P : ΩkP(LP) −→ Ω
k+1
P (LP)
by
(∇Pα)(X1, . . . ,Xk+1) =
k+1∑
i=1
(−1)i+1∇PXi [α(X1, . . . , Xˆi, . . . ,Xk+1)]
+
∑
i<j
(−1)i+j α([Xi,Xj ],X1, . . . , Xˆi, . . . , Xˆj , . . . ,Xk+1) ,
where X1, . . . ,Xk+1 are local vector fields tangent to P. One can check that
(∇P)2α = 0, for any α in Ω•P(LP). If the polarization P has compact leaves then
[Sn2] proves that the only nontrivial cohomology space is Hg(M ;P,LP ), where
g = 12dimM . Assuming the distribution P is orientable, the space H
g(M ;P,LP )
can be endowed with a natural Hilbert space structure [Sn2, Wo]. In order to
describe it, let us introduce the line bundle L ⊗ |DetP∗|
1
2 over M obtained by
tensoring the prequantum line bundle L with the bundle of 12 -densities on P. The
connection ∇ in L and the operator ∇P of covariant differentiation along P of
sections in |DetP∗|
1
2 define the covariant differentiation of sections of L⊗|DetP∗|
1
2
in the direction of vectors tangent to P:
∇PW (s⊗ µ) = ∇W s⊗ µ+ s⊗∇
P
Wµ ,(2.7)
for any s⊗ µ ∈ Γ(M ;L ⊗ |DetP∗|
1
2 ) and vector W in P. The union of the leaves
Λ for which the holonomy group of the flat connection ∇P in (L ⊗ |DetP∗|
1
2 )
∣∣
Λ
is trivial define the Bohr-Sommerfeld set BSP . For each Λ ⊂ BSP we let SΛ
denote the one-dimensional space of covariantly constant sections of the line bundle
(L ⊗ |DetP∗|
1
2 )
∣∣
Λ
. Now, recall from (2.2), there is a canonical density κ on P
which gives to each leaf Λ of P total volume 1. Given an orientation on P, the
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density κ extends uniquely to a g-form κˆ on P. Let δ denote the 12 -density on P
obtained as the square root of κ and let δ−1 denote the dual of δ, that is, δ−1 is
a section of |DetP|
1
2 . For every Λ ⊂ BSP we can choose a covariantly constant
section sΛ of L
∣∣
Λ
. Then sΛ ⊗ δ
−1 is a covariantly constant section of LP
∣∣
Λ
. Let
[α] be a cohomology class in Hg(M ;P,LP ) and α ∈ Ω
g
P(LP) a representative of
[α]. Then we can express α|Λ = fΛ κˆ ⊗ sΛ ⊗ δ
−1 for some function fΛ ∈ C
∞(Λ).
The cohomology class [α] is uniquely determined by the value of the integrals
cΛ =
∫
Λ fΛκˆ, when Λ runs over the set of leaves contained in the Bohr-Sommerfeld
set ([Wo], §10.6). Thus, for each Λ ⊂ BSP , we can associate to [α] the element
cΛsΛ ⊗ δ in SΛ. This establishes a natural isomorphism
Hg(M ;P,LP ) ∼= ⊕
Λ⊂BSP
SΛ
Thus we can define the Hilbert space of quantization HP as the vector space
HP = ⊕
Λ⊂BSP
SΛ(2.8)
with inner product determined by
〈s ⊗ µ, s′ ⊗ µ′〉 =


0, if s⊗ µ ∈ SΛ , s
′ ⊗ µ′ ∈ SΛ′ and Λ 6= Λ
′
∫
Λ
(s, s′)µ ∗ µ′, if s⊗ µ, s′ ⊗ µ′ ∈ SΛ
(2.9)
Here µ ∗ µ′ is the density on Λ defined by setting, for any x ∈ Λ and basis
(W1, . . . ,Wg) of Px = TxΛ,
(µ ∗ µ′)(W1, . . . ,Wg) = µ(W1, . . . ,Wg) µ
′(W1, . . . ,Wg)
and (s, s′) is the function on Λ obtained by taking the hermitian inner product in
the fibre of L. If the symplectic manifoldM is compact, then the Hilbert space HP
is finite dimensional. The same definition (2.8) of the Hilbert space of quantization
in a real polarization with compact leaves is used in [JW] and it is this reference
which inspired us to take this approach to quantization.
In order to have a meaningful quantization one would like to find a way of
identifying the Hilbert spaces of different polarizations, at least projectively. Let
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P1 and P2 be two polarizations of (M,ω). Then, for a fixed prequantum line
bundle (L,∇), let HP1 and HP2 be the corresponding Hilbert spaces. Under
certain conditions on P1 and P2 there exists a sesquilinear pairing
〈〈·, ·〉〉 : HP2 ×HP1 → C
called the Blattner-Kostant-Sternberg (BKS) pairing. The polarizations P1 and P2
are said to be unitarily related if there is an unitary isomorphism
FP2P1 : HP1 →HP2(2.10)
with
〈ψ2, FP2P1 ψ1〉 = 〈〈ψ2, ψ1〉〉, for any ψ1 ∈ HP1 , ψ2 ∈ HP2 .
One also requires that if P1 = P2 then FP2P1 = I. The operator FP2P1 is called
the intertwining isomorphism for HP1 and HP2 . For arbitrary ψ1, ψ
′
1 ∈ HP1 we
have the sequence of equalities
〈FP2P1ψ
′
1, FP2P1ψ1〉 = 〈〈FP2P1ψ
′
1, ψ1〉〉 = 〈〈ψ1, FP2P1ψ
′
1〉〉
= 〈ψ1, FP1P2 ◦ FP2P1ψ
′
1〉 = 〈FP1P2 ◦ FP2P1ψ
′
1, ψ1〉
Thus, unitarity of FP2P1 is equivalent to the condition FP1P2 ◦ FP2P1 = I. Two
polarizations P1 and P2 are called transverse if P1 ∩P2 = 0. The formal construc-
tion of the BKS pairing for a transverse pair of real polarizations can be found in
[Bl, Sn3, GS, Wo]. The pairing construction can also be generalized to nontrans-
verse real polarizations P1 and P2 for which the spaceM/P12 of integral manifolds
of the distribution P12 = P1 ∩ P2 is a quotient manifold of M [Sn3, Wo]. The
unitarity of the intertwining operator FP2P1 has been proved only for some par-
ticular examples. One of these is the quantization of the flat space (R2g, ω) in a
constant polarization [GS, LV, Wo]. The symplectic form is ω =
∑g
i=1 dp
i∧dqi in
the standard coordinates p1, . . . , pg, q1, . . . , qg of R2g. The intertwining operator
FP2P1 for a pair P1, P2 of transverse constant real polarizations of R
2g is a gen-
eralization of the Fourier transform. It turns into the ordinary Fourier transform
when P1 and P2 are the polarizations defined by p
i = constant and qi = constant,
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respectively. For three real polarizations P1,P2,P3 the corresponding intertwining
operators satisfy FP1P3 ◦ FP3P2 ◦ FP2P1 = c(P1,P2,P3) I, where c(P1,P2,P3) is a
complex number of modulus one [LV, GS].
Now let us consider a symplectic diffeomorphism f : M →M of (M,ω). Assume
that f can be lifted to an automorphism f˜ of the prequantum line bundle (L,∇).
Let P be a polarization of (M,ω) and assume that f sends P into a polarization
f∗P. Then f lifts to a map of line bundles f˜ : L⊗ |DetP
∗|
1
2 → L⊗ |Det (f∗P)
∗|
1
2
which gives rise to a unitary map of Hilbert spaces f˜ : HP → Hf∗P . If the
polarizations P and f∗P are unitarily related, we have an intertwining isomorphism
FP,f∗P : Hf∗P → HP . Then we are able to associate to f an unitary operator
UP(f) = FP,f∗P ◦ f˜ on the Hilbert space HP . This scheme can be used sometimes
to produce a unitary (projective) representation of a group G acting on (M,ω) by
symplectic diffeomorphisms.
3. Quantization of tori with half-densities
In this section we apply the geometric quantization scheme with half-densities,
outlined in the previous section, to a symplectic torus foliated by real invariant
polarizations.
Let V be a 2g-dimensional real vector space with affine symplectic form ω and
Z a self-dual lattice in (V, ω). We recall that Z is a self-dual lattice if Z = Z∗,
where Z∗ = {X ∈ V | ω(X,W ) ∈ Z, for all W ∈ Z}. Under the quotient map
p : V → V/Z the symplectic form ω pushes down to a symplectic form on the
torus T = V/Z which we continue to denote by the same letter. Notice that ω
g
g!
gives T total volume 1. The symplectic form ω on V is exact. We let θ0 denote the
symplectic potential invariant under the group Sp(V) of linear transformations of
V which preserve ω. Thus, ω = dθ0 and θ0 is defined by
(X ′ | θ0)X =
1
2
ω(X,X ′) , for any X,X ′ ∈ V.
The problem we are considering is that of quantizing the symplectic torus
(T , k ω), where the normalizing factor k is assumed to be a positive integer.
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Later we will restrict to k even. Let us consider the trivial hermitian line bundle
Lˆ = V × C
π
−→ V over V. For each positive k ∈ Z we define the connection ∇ˆ on
Lˆ by setting
∇ˆ sˆ0 = −2πik θ0 sˆ0 ,
where sˆ0 ∈ Γ(V; Lˆ) is the unit section of Lˆ, i.e. sˆ0(X) = (X, 1) for all X ∈ V. The
curvature of the connection ∇ˆ on Lˆ is −2πi k ω. The integer lattice Z acts on V
by translations and we consider lifting this action to the line bundle Lˆ such that
it preserves the connection and hermitian structure. Thus we define the Z-action
on Lˆ by [Mu1]
W · (X,λ) = (X +W, ǫ(W ) eπikω(W,X) λ),(3.1)
for all W ∈ Z and (X,λ) ∈ Lˆ, where the map ǫ : Z → T satisfies
ǫ(W1 +W2) = ǫ(W1) ǫ(W2) e
πikω(W1,W2),
for any W1, W2 ∈ Z. Let us consider now the standard left-action of the group
of symplectic transformations Sp(V) on the space V. This action can be trivially
lifted to Lˆ, preserving the hermitian metric and the connection ∇ˆ, by setting
b · (X,λ) = (bX, λ),(3.2)
for all b ∈ Sp(V) and (X,λ) ∈ Lˆ. The subgroup Sp(Z) of Sp(V) contains those
elements which leave invariant the integer lattice Z. The semi-direct product
Sp(Z)⋉Z acts on V and we consider lifting this action to Lˆ such that it satisfies
(3.1) and (3.2). A straightforward computation [G] shows that for such a lift of the
Sp(Z)⋉Z-action to Lˆ to exist one must take k ∈ 2Z and the multiplier ǫ(W ) = 1,
for all W ∈ Z. With these assumptions the Sp(Z)⋉ Z-action on Lˆ is defined by
W · (X,λ) = (X +W, eπikω(W,X) λ)(3.3)
b · (X,λ) = (bX, λ),
for any W ∈ Z, b ∈ Sp(Z) and (X,λ) ∈ Lˆ. From now on we assume k to be a
positive even integer and the lift of the Z-action to Lˆ to be given by (3.3).
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We define the prequantum line bundle L over the symplectic torus T to be the
quotient of Lˆ under the Z-action as described by the commutative diagram:
Lˆ −−−→ L = Lˆ/Z
π
y yπ
V −−−→ T = V/Z
The hermitian metric and connection ∇ˆ in Lˆ induce naturally a hermitian metric
and a connection ∇ in L. Moreover, the Sp(Z)-action on Lˆ → V determines a
Sp(Z)-action on L → T preserving the hermitian structure and the connection.
We have the identification
Γ(T ;L) ∼= Γ(V; Lˆ)Z
between the space Γ(T ;L) of sections of L → T and the space Γ(V; Lˆ)Z of Z-
invariant sections of Lˆ → V.
In order to carry out the quantization of the symplectic torus (T , kω) one needs
to choose a polarization. We will consider only invariant real polarizations of T .
Before proceeding further let us recall some definitions. A subspace L ⊂ V is
called an isotropic subspace of the 2g-dimensional symplectic vector space (V, ω)
if ω(X,X ′) = 0, for all X,X ′ ∈ L. A Lagrangian subspace L of V is just a maximal
isotropic subspace, that is dimL = g. A subspace V˜ of V is a symplectic subspace
if (V˜ , ω
∣∣
V˜
) is a symplectic vector space. We have the following lemma ([LV], §2.1):
Lemma 3.4. Let Z be a self-dual lattice in (V, ω) and L ⊂ V an isotropic subspace
of dimension l (l ≤ g), such that Z ∩ L generates L as a vector space. Then there
exists a symplectic basis (W1, . . . ,Wg;W
⊥
1 , . . . ,W
⊥
g ) of (V, ω) such that
Z = ZW1 ⊕ · · · ⊕ ZWg ⊕ ZW
⊥
1 ⊕ · · · ⊕ ZW
⊥
g
L = RW1 ⊕ · · · ⊕ RWl
ω(Wi,W
⊥
j ) = δij , ω(Wi,Wj) = ω(W
⊥
i ,W
⊥
j ) = 0
For the proof we refer to the above mentioned reference. Now let us consider a
constant real polarization P of the 2g-dimensional linear space (V, ω), defined by
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a foliation of V by rational Lagrangian planes. The term rational refers to the
fact that, under the identification of the tangent space TxV with V at any point
x ∈ V, Px corresponds to a Lagrangian subspace LP ⊂ V with the property that
Z ∩ LP generates LP as a vector space. The polarization P of (V, ω) maps under
the quotient V → T to an invariant polarization of (T , ω) which we continue to
denote by the same letter. P is the tangent bundle along the leaves of a foliation
of T by Lagrangian submanifolds diffeomorphic to g-tori. From Lemma (3.4) it
follows that we can find a symplectic basis (W1, . . . ,Wg;W
⊥
1 , . . . ,W
⊥
g ) of (V, ω)
such that
Z = ZW1 ⊕ · · · ⊕ ZWg ⊕ ZW
⊥
1 ⊕ · · · ⊕ ZW
⊥
g(3.5)
LP = spanR{W1, . . . ,Wg}
We are going to use the same notation Wi,W
⊥
i for the corresponding invariant
vector fields on T .
We can choose a symplectic potential θP for the form ω on V adapted to the
polarization P, that is, such that W | θP = 0 for any W ∈ P. We define θP by
the equations
Wi | θP = 0 i = 1, . . . , g(3.6)
(W⊥i | θP)X = ω(X,W
⊥
i ) i = 1, . . . , g
Since d θP = d θ0 = ω, there is a real function KP ∈ C
∞(V) such that
θP = θ0 + dKP .
The above relation determines KP up to a constant. We fix this arbitrariness by
requiring that KP(0) = 0. Then it is easy to check that KP satisfies the following
relations:
KP (X +W )−KP(X) =
1
2
ω(W,X)(3.7)
KP (X +W
⊥)−KP(X) = −
1
2
ω(W⊥,X),
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for any X ∈ V, W ∈ P and W⊥ ∈ spanR{W
⊥
1 , . . . ,W
⊥
g }. Let us denote by sˆP the
section of Lˆ → V defined by
sˆP(X) = e
−2πikKP(X)sˆ0(X), for all X ∈ V.(3.8)
Then we have
∇ˆsˆP = −2πik θP sˆP .(3.9)
Having chosen a polarization P of T we construct the Hilbert space HP of
quantization as outlined in Sect.2. In order to do that let us first determine the
Bohr-Sommerfeld set on T . The Bohr-Sommerfeld set is the union of all the leaves
Λ of the polarization P for which the line bundle (L ⊗ |DetP∗|
1
2 )
∣∣
Λ
is trivial as a
line bundle with flat connection. From the definition of the invariant vector fields
W1, . . . ,Wg spanning P it is obvious that the canonical density κ on P defined by
(2.3) satisfies κ(W1, . . . ,Wg) = 1. Then also the
1
2 -density δ on P defined as the
square-root of κ satisfies
δ(W1, . . . ,Wg) = 1.(3.10)
For any leaf Λ of P, the 12 -density δ
∣∣
Λ
is a covariantly constant section of the line
bundle (|DetP∗|
1
2 )
∣∣
Λ
with respect to the canonical flat connection ∇P defined in
(2.5). Therefore the Bohr-Sommerfeld set is determined only by the prequantum
connection ∇ in L and it is thus given by the union of the leaves Λ of P for which
the holonomy of ∇ restricted to L
∣∣
Λ
is trivial. A straightforward computation
shows that the Bohr-Sommerfeld orbits are determined by the condition
e2πikω(W,X) = 1, for any W ∈ P ∩ Z.(3.11)
With respect to the basis vectors W1, . . . ,Wg spanning P ∩Z the above condition
reads:
k ω(Wi,X) ∈ Z, i = 1, . . . , g ,
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and shows that there are kg distinct Bohr-Sommerfeld orbits on the torus T .
We label these Bohr-Sommerfeld orbits by Λq, with q ∈ (Z/kZ)
g. The Bohr-
Sommerfeld set is then given by the union BSP = ∪
q∈(Z/kZ)g
Λq. An orbit Λq is
described by the equations
Λq=(q1,...,qg) : k ω(Wi,X) = qi (mod k), i = 1, . . . , g.
For each q ∈ (Z/kZ)g, the orbit Λq on T is covered by the family {Λˆq,l}l=(l1,...,lg)∈Zg
of Lagrangian planes in V, where
Λˆq,l = {X ∈ V | k ω(Wi,X) = qi + kli, i = 1, . . . , g}.(3.12)
We let sq denote the unitary covariantly constant section of L
∣∣
Λq
represented by
the Z-invariant distributional section sˆq of the line bundle Lˆ → V:
sˆq =
∑
l=(l1,...,lg)∈Zg
sˆq,l .(3.13)
sˆq,l is the section supported on the Lagrangian plane Λˆq,l, obtained by restricting
to Λˆq,l the section sˆP from (3.8), that is,
sˆq,l(X) = e
−2πikKP(X)sˆ0(X), for X ∈ Λˆq,l.(3.14)
For each Λq ⊂ BSP let δq denote δ
∣∣
Λq
. We can take σq = sq ⊗ δq as a ba-
sis vector for the one-dimensional space SΛq of covariantly constant sections of
(L ⊗ |DetP∗|
1
2 )
∣∣
Λq
. Then, according to (2.8), the Hilbert space HP is the k
g-
dimensional vector space
HP = ⊕
q∈(Z/kZ)g
SΛq = ⊕
q∈(Z/kZ)g
Cσq ,
with inner product defined as in (2.9). Since δq ∗ δq = κ
∣∣
Λq
and since κ
∣∣
Λq
gives
Λq total volume 1, the inner product in HP gives
〈σq, σq′〉 = δqq′
We call {σq = sq ⊗ δq}q∈(Z/kZ)g a standard unitary basis of HP . We emphasize
that the choice of such a basis is uniquely determined by the choice of a symplectic
basis (Wi;W
⊥
i ) satisfying (3.5).
18 MIHAELA MANOLIU
4. The Blattner-Kostant-Sternberg pairing
In this section we consider two arbitrary real polarizations P1 and P2 of T and
construct the Blattner-Kostant-Sternberg (BKS) pairing 〈〈·, ·〉〉 : HP2×HP1 −→ C
between the Hilbert spaces HP1 and HP2 associated to the two polarizations. Then
we prove that the operator FP2P1 : HP1 −→ HP2 induced from the BKS pairing is
unitary. The main reference that we use for the construction of the BKS pairing
is [Sn3].
Recall that HP1 = ⊕
Λ1⊂BSP1
SΛ1 and HP2 = ⊕
Λ2⊂BSP2
SΛ2 , where SΛi is the
one-dimensional vector space of covariantly constant sections of the line bundle
(L⊗ |DetP∗i |
1
2 )
∣∣
Λi
over the Bohr-Sommerfeld orbit Λi ⊂ BSPi , i = 1, 2. The BKS
pairing is defined by setting
〈〈s2 ⊗ µ2, s1 ⊗ µ1〉〉 =
∫
Λ2∩Λ1
(s2, s1) µ2 ∗ µ1 ,
for any Λ1 ⊂ BSP1 , Λ2 ⊂ BSP2 and s1 ⊗ µ1 ∈ SΛ1 , s2 ⊗ µ2 ∈ SΛ2 . The density
µ2 ∗ µ1 on Λ1 ∩ Λ2 is defined as follows [Sn3]. First note that T (Λ1 ∩ Λ2) =
TΛ1 ∩ TΛ2. Then for any point x ∈ Λ1 ∩ Λ2, we choose a basis for Tx(T ) of the
form (V2,W ;V1, T ), where
W = (Wh+1, . . . ,Wg) is a basis of TxΛ1 ∩ TxΛ2
U1 = (V1,W ) = (V11, . . . , V1h,Wh+1, . . . ,Wg) is a basis of TxΛ1(4.1)
U2 = (V2,W ) = (V21, . . . , V2h,Wh+1, . . . ,Wg) is a basis of TxΛ2
h = g − dim(Λ1 ∩ Λ2) ,
and such that the following relations hold:
kω(Wi, Tj) = δij i, j = h+ 1, . . . , g
kω(V2i, V1j) = δij i, j = 1, . . . , h(4.2)
kω(V1i, Tj) = kω(V2i, Tj) = 0.
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The density µ2 ∗ µ1 on Λ1 ∩ Λ2 is defined by setting
(µ2 ∗ µ1)(W ) = µ2(U2)µ1(U1).(4.3)
The BKS pairing induces a linear operator FP2P1 : HP1 −→ HP2 as defined in
(2.10). Then, with respect to standard unitary bases {σ1q1 = s1q1 ⊗ δ1q1} of HP1
and {σ2q2 = s2q2 ⊗ δ2q2} of HP2 , we can represent FP2P1 by the matrix
FP2P1(σ1q1) =
∑
q2∈(Z/kZ)g
M(2, 1)q2q1 σ2q2 ,(4.4)
where
M(2, 1)q2q1 =
∫
Λ2q2∩Λ1q1
(s2q2 , s1q1) δ2q2 ∗ δ1q1 .(4.5)
Having in view the definition (3.13-3.14) of the unitary sections s2q2 of L
∣∣
Λ2q2
and
s1q1 of L
∣∣
Λ1q1
, the function (s2q2 , s1q1) is given, at each point x ∈ Λ2q2 ∩Λ1q1 , by
the expression
(s2q2 , s1q1)(x) = e
2πikKP2(X)−2πikKP1(X) ,(4.6)
where x = p(X) under the quotient map p : V → T . Using (3.7) and (3.11) we
can show that, for any two Bohr-Sommerfeld orbits Λ1 ⊂ BSP1 and Λ2 ⊂ BSP2 ,
the function e2πik(KP2−KP1)(X) on p−1(Λ1 ∩ Λ2) is invariant under Z-translations,
that is, e2πik(KP2−KP1)(X+W ) = e2πik(KP2−KP1)(X), for any W ∈ Z and X ∈
p−1(Λ1 ∩ Λ2). Thus the left-hand side of (4.6) is well defined.
In order to prove the unitarity of the intertwining operator FP2P1 , which comes
down to proving the unitarity of the matrixM(2, 1), we have to discuss separately
the case of transverse and that of nontransverse polarizations.
Transverse polarizations. Let P1 and P2 be two transverse real polarizations of
(T , ω) and, as in the previous section, let LP1 , LP2 ⊂ V denote the corresponding
rational Lagrangian subspaces. Then, following (3.4), we can find symplectic bases
(W11, . . . ,W1g;W
⊥
11, . . . ,W
⊥
1g) and (W21, . . . ,W2g;W
⊥
21, . . . ,W
⊥
2g) of (V, ω), which
are at the same time bases for the integer lattice Z ⊂ V and such that LP1 =
spanR{W11, . . . ,W1g} and LP2 = spanR{W21, . . . ,W2g}. In order to simplify the
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future notation let us define with respect to the above bases the following (g× g)-
matrices with Z-coefficients:
ω(2, 1)ij = ω(W2i,W1j) ω(1, 2)ij = ω(W1i,W2j)(4.7)
ω(2, 1⊥)ij = ω(W2i,W
⊥
1j) ω(1
⊥, 2)ij = ω(W
⊥
1i ,W2j)
ω(2⊥, 1)ij = ω(W
⊥
2i ,W1j) ω(1, 2
⊥)ij = ω(W1i,W
⊥
2j)
ω(2⊥, 1⊥)ij = ω(W
⊥
2i ,W
⊥
1j) ω(1
⊥, 2⊥)ij = ω(W
⊥
1i ,W
⊥
2j)
We note that
tω(2, 1) = −ω(1, 2) tω(2, 1⊥) = −ω(1⊥, 2)
tω(2⊥, 1) = −ω(1, 2⊥) tω(2⊥, 1⊥) = −ω(1⊥, 2⊥)
Since the polarizations P1 and P2 are assumed transverse, i.e. LP1 ∩LP2 = 0, the
vectors (W11, . . . ,W1g,W21, . . . ,W2g) form a basis for V and the matrix ω(2, 1) is
nonsingular. We will need later the following:
Lemma 4.8. The matrix ω(2⊥, 1)ω(2, 1)−1 is symmetric.
Proof. If we express the vectorsW1i with respect to the symplectic basis (W2i;W
⊥
2i )
then, since W11, . . . ,W1g span the Lagrangian subspace LP1 , we find that 0 =
ω(W1i,W1k) = ω(2, 1)jiω(2
⊥, 1)jk−ω(2
⊥, 1)jiω(2, 1)jk and the lemma follows.
Before proceeding further let us state the following lemma whose proof is straight-
forward:
Lemma 4.9. Given a positive integer n and a nonsingular (n × n)-matrix A
with integer coefficients consider the set Zn/AZn. Then the cardinality of the
set Zn/AZn is equal to |det(A)|.
The equivalence class of l = (l1, . . . , lg) ∈ Z
n in Zn/AZn will be denoted by [l].
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The Bohr-Sommerfeld orbits Λ1q1 and Λ2q2 , q1,q2 ∈ (Z/kZ)
g, determined on
the 2g-torus T by the two polarizations P1 and P2 are described by the equations:
Λq1=(q11,...,q1g) : k ω(W1i,X) = q1i (mod k), i = 1, . . . , g
Λq2=(q21,...,q2g) : k ω(W2i,X) = q2i (mod k), i = 1, . . . , g
Λ1q1 and Λ2q2 are transverse submanifolds of T . Hence Λ1q1 ∩ Λ2q2 is a finite set
and we have:
Proposition 4.10. For each q1,q2 ∈ (Z/kZ)
g, the number of intersection points
of the Bohr-Sommerfeld orbits Λ1q1 and Λ2q2 is equal to |detω(2, 1)|.
Proof. Let Zg/ω(2, 1)Zg be the set defined as in (4.9) with respect to the nonsin-
gular integer (g× g)-matrix ω(2, 1). We can use the set Zg/ω(2, 1)Zg to index the
intersection points in Λ1q1 ∩ Λ2q2 . For a given [l] = [(l1, . . . , lg)] ∈ Z
g/ω(2, 1)Zg ,
the point Xlq2q1 ∈ Λ1q1 ∩ Λ2q2 is determined as the solution (modulo Z) of the
system of linear equations:
ω(W1i,X) =
q1i
k
, i = 1, . . . , g
ω(W2i,X) =
q2i
k
+ li, i = 1, . . . , g
Then, with respect to the basis (W11, . . . ,W1g,W21, . . . ,W2g) of V, the solution
Xlq2q1 of the above system reads:
Xlq2q1 = ω(2, 1)
−1
ij (
q2j
k
+ lj)W1i −
tω(2, 1)−1ij
q1j
k
W2i.(4.11)
Obviously, another l′ = (l′1, . . . , l
′
g) ∈ Z
2g such that [l] = [l′] gives (modulo Z) the
same solution as l = (l1, . . . , lg). The expression (4.11), together with the fact that
the cardinality of Zg/ω(2, 1)Zg is |detω(2, 1)|, proves the proposition.
Recall that as mentioned in (3.10) the 12 -densities δ1 ∈ |DetP
∗
1 |
1
2 and δ2 ∈ |DetP
∗
2 |
1
2
satisfy the relations
δ1(W11, . . . ,W1g) = 1
δ2(W21, . . . ,W2g) = 1,
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with respect to the bases W1 = (W11, . . . ,W1g) of P1 and W2 = (W21, . . . ,W2g)
of P2. Now define the frames U2 = W2 for P2 and U1 = W1 · [k ω(2, 1)]
−1 for
P1. For any x ∈ Λ1q1 ∩ Λ2q2 , we have (U2;U1) as basis for Tx(T ) satisfying the
conditions (4.1)-(4.2). Then, according to the definition (4.3), we find that the
density δ2q2 ∗ δ1q1 is the number
δ2q2 ∗ δ1q1 = δ2(U2) δ1(U1) = |k
g detω(2, 1)|−
1
2 .(4.12)
It follows then, from (4.6), (4.10) and (4.12), that the matrix (4.5) representing
FP2P1 for transverse polarizations is given by the expression
M(2, 1)q2q1 = |k
g detω(2, 1)|−
1
2
∑
[l]∈Zg/ω(2,1)Zg
e2πik(KP2−KP1)(Xlq2q1 ) .
We proceed to explicitly computeM(2, 1). ExpressingXlq2q1 , in turn, with respect
to the symplectic bases (W1i ;W
⊥
1i ) and (W2i ;W
⊥
2i ) and making then use of (3.7),
we find that
KP1(Xlq2q1) =
1
2
tq1
k
ω(2, 1)−1(
q2
k
+ l)−
1
2
tq1
k
ω(2, 1)−1ω(2, 1⊥)
q1
k
KP2(Xlq2q1) = −
1
2
tq1
k
ω(2, 1)−1(
q2
k
+ l)−
1
2
t(
q2
k
+ l)ω(2⊥, 1)ω(2, 1)−1(
q2
k
+ l) .
This leads to the expression
M(2, 1)q2q1 = |k
g detω(2, 1)|−
1
2
∑
[l]∈Zg/ω(2,1)Zg
e
pii
k
A(2,1)lq2q1 ,(4.13)
with
A(2, 1)lq2q1 =
tq1ω(2, 1)
−1ω(2, 1⊥)q1 − 2
tq1ω(2, 1)
−1(q2 + kl)
− t(q2 + kl)ω(2
⊥, 1)ω(2, 1)−1(q2 + kl) .
In order to prove the unitarity of the matrix M(2, 1) we have to show that
∑
q2∈(Z/kZ)g
M(2, 1)q2q′1
M(2, 1)q2q1 = δq′1q1 .(4.14)
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It is not difficult to see from the expression (4.13) that we can write
∑
q2∈(Z/kZ)g
M(2, 1)q2q′1
M(2, 1)q2q1 =(4.15)
=
1
|detω(2, 1)|g
∑
q2
0≤q2i≤k|detω(2,1)|−1
∑
[l],[l′]
[e
−pii
k
A(2,1)
l′q2q
′
1 ] [e
pii
k
A(2,1)lq2q1 ].
We isolate the terms in (4.15) containing the q2 variable and, making use of (4.8),
we find that their sum reads:
∑
q2
0≤q2i≤k|detω(2,1)|−1
e
2pii
k
[ t(q′1−q1)+k
t(l′−l)ω(2⊥,1)]ω(2,1)−1q2 = kg |detω(2, 1)|g δq′1q1δl′l
Inserting the above in (4.15), we obtain (4.14).
Nontransverse polarizations. We consider now two real polarizations P1 and
P2 of the torus (T , ω) which do not intersect transversally, that is L12 = LP1 ∩
LP2 6= 0. It is easy to see that the isotropic subspace L12 ⊂ V is generated by
Z ∩L12 as a vector space. Then, using Lemma (3.4), it follows that we can choose
symplectic bases (W1i;W
⊥
1i ) and (W2i;W
⊥
2i ) of (V, ω) with
W1i = W2i , W
⊥
1i = W
⊥
2i , for i = h+ 1, . . . , g(4.16)
(h = g − dimL12)
and such that
LP1 = ⊕
g
i=1RW1i LP2 = ⊕
g
i=1RW2i
L12 = ⊕
g
i=h+1RW1i = ⊕
g
i=h+1RW2i(4.17)
Z = ⊕gi=1ZW1i ⊕⊕
g
i=1ZW
⊥
1i = ⊕
g
i=1ZW2i ⊕⊕
g
i=1ZW
⊥
2i
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With respect to the above chosen bases, the (g × g)-matrices with Z-coefficients
introduced in (4.7) have now the particular form
ω(2, 1) =

ωˇ(2, 1) 0
0 0

 ω(2⊥, 1⊥) =

ωˇ(2⊥, 1⊥) 0
0 0

(4.18)
ω(2⊥, 1) =

ωˇ(2⊥, 1) 0
0 −I

 ω(2, 1⊥) =

ωˇ(2, 1⊥) 0
0 I


where we introduced the notation ωˇ(2, 1)ij = ω(2, 1)ij , for i, j = 1, . . . , h and
similarly for the other matrices.
The Bohr-Sommerfeld orbits Λ1q1 and Λ2q2 , q1,q2 ∈ (Z/kZ)
g, corresponding
to the two polarizations P1 and P2 of (T , ω) are described by the equations:
Λq1=(q11,...,q1g) : k ω(W1i,X) = q1i (mod k), i = 1, . . . , g
Λq2=(q21,...,q2g) : k ω(W2i,X) = q2i (mod k), i = 1, . . . , g
The intersection set Λ1q1 ∩Λ2q2 is nonempty only if q1i = q2i, for i = h+ 1, . . . , g.
If this is the case, then Λ1q1∩Λ2q2 is a submanifold of T . Moreover, each connected
component of Λ1q1 ∩ Λ2q2 is diffeomorphic to a torus of dimension g − h and we
have
Proposition 4.19. For each q1,q2 ∈ (Z/kZ)
g such that q1i = q2i, i = h+ 1, . . . , g,
the number of connected components of Λ1q1 ∩ Λ2q2 is equal to |det ωˇ(2, 1)|.
Proof. Consider the set Zh/ωˇ(2, 1)Zh of (4.9) with respect to the nonsingular inte-
ger (h× h)-matrix ωˇ(2, 1). We use the set Zh/ωˇ(2, 1)Zh to index the components
of the submanifold Λ1q1 ∩ Λ2q2 of T . Given an l = (l1, . . . , lh) ∈ Z
h representing
an element [l] ∈ Zh/ωˇ(2, 1)Zh, the space of solutions (modulo Z) of the system of
linear equations
ω(W1i,X) =
q1i
k
, i = 1, . . . , h
ω(W1i,X) = ω(W2i,X) =
q1i
k
=
q2i
k
, i = h+ 1, . . . , g(4.20)
ω(W2i,X) =
q2i
k
+ li, i = 1, . . . , h
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gives all the points belonging to one component of Λ1q1 ∩ Λ2q2 . It is obvious that
an l′ = (l′1, . . . , l
′
h) ∈ Z
h such that [l] = [l′] gives the same space of solutions
(modulo Z) as l = (l1, . . . , lh). Since, according to Lemma (4.9), Z
h/ωˇ(2, 1)Zh has
|det ωˇ(2, 1)| elements, this proves the proposition.
We let (Λ1q1 ∩ Λ2q2)[l] denote the component of Λ1q1 ∩ Λ2q2 corresponding to the
element [l] ∈ Zh/ωˇ(2, 1)Zh. According to the expression (4.5) and the previous
observations, we have
M(2, 1)q2q1 =
q∏
i=h+1
δq2iq1i
∫
Λ2q2∩Λ1q1
(s2q2 , s1q1) δ2q2 ∗ δ1q1(4.21)
The function (s2q2 , s1q1) is constant on each connected component of Λ2q2 ∩Λ1q1
and has the expression
(s2q2 , s1q1)
∣∣
(Λ2q2∩Λ1q1 )[l]
= e2πi(KP2−KP1)(Xlq2q1 ) ,(4.22)
where Xlq2q1 is a solution of the system (4.20). The left-hand side of (4.22) is well-
defined since, as previously remarked, e2πi(KP2−KP1)(Xlq2q1 ) is invariant under a
Z-translation of Xlq2q1 .
Now let us consider for any x ∈ T the basis (V2,W ;V1, T ) of Tx(T ), where
V2i =W2i i = 1, . . . , h
Wj =W1j =W2j j = h+ 1, . . . , g(4.23)
V1i =W1l [kωˇ(2, 1)]
−1
li i = 1, . . . , h
Tj =
1
k
W⊥1j j = h+ 1, . . . , g
This basis satisfies the conditions (4.1)-(4.2). From the definition (4.3), it follows
that, for any pair of Bohr-Sommerfeld orbits Λ1q1 and Λ2q2 with Λ1q1 ∩Λ2q2 6= ∅,
the density δ2q2 ∗ δ1q1 satisfies
(δ2q2 ∗ δ1q1)(W ) = δ2(V2,W ) δ1(V1,W ) =
∣∣∣kh det ωˇ(2, 1)∣∣∣− 12
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Then, since W = (Wh+1, . . . ,Wg) is a basis for Z ∩ L12, we have∫
(Λ2q2∩Λ1q1 )[l]
δ2q2 ∗ δ1q1 =
∣∣∣kh det ωˇ(2, 1)∣∣∣− 12
Therefore the matrix M(2, 1) can be written as
M(2, 1)q2q1 =
∣∣∣kh det ωˇ(2, 1)∣∣∣− 12 g∏
i=h+1
δq2iq1i
∑
[l]∈Zh/ωˇ(2,1)Zh
e2πik(KP2−KP1)(Xlq2q1 )
Expressing the solutionXlq2q1 of the system (4.20) in terms of the bases (W1i ;W
⊥
1i )
and (W2i ;W
⊥
2i ) of V and using the properties (3.7), we arrive at
M(2, 1)q2q1 =
∣∣∣kh det ωˇ(2, 1)∣∣∣− 12 g∏
i=h+1
δq2iq1i
∑
[l]∈Zh/ωˇ(2,1)Zh
e
pii
k
Aˇlqˇ2qˇ1 ,(4.24)
with
Aˇ(2, 1)lqˇ2qˇ1 =
tqˇ1ωˇ(2, 1)
−1ωˇ(2, 1⊥)qˇ1 − 2
tqˇ1ωˇ(2, 1)
−1(qˇ2 + kl)
− t(qˇ2 + kl)ωˇ(2
⊥, 1)ωˇ(2, 1)−1(qˇ2 + kl) .
Here we used the notation qˇ1 = (q11, . . . , q1h), qˇ2 = (q21, . . . , q2h). From this point
on the proof of the fact that
∑
q2
M(2, 1)q′1q2
M(2, 1)q2q1 = δq′1q1 goes as in the
previous case of transverse polarizations. Thus we can state
Theorem 4.25. For any two polarizations P1 and P2 of the symplectic torus
(T , kω), the linear operator FP2P1 : HP1 →HP2 is unitary.
5. Representation of the Heisenberg group
Let us consider again the 2g-dimensional symplectic vector space (V, ω) with
self-dual integer lattice Z in V. Let Zk be the finite abelian group
1
kZ/Z. We
define the Heisenberg group Hk as a central extension of Zk by the circle group T:
1 −→ T −→ Hk −→ Zk −→ 0 .
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As a set Hk = T× Zk and the composition law in Hk is given by
(λ, v) · (λ′, v′) = (λλ′ c(v, v′), v + v′), for any (λ, v), (λ′, v′) ∈ T× Zk .
The 2-cocycle c : Zk × Zk → T is defined by
c(v, v′) = e−πikω(V,V
′) ,
where V, V ′ are the preimages of v, v′ under the quotient map 1kZ →
1
kZ/Z. As
before, we work under the assumption that k ∈ 2Z+, so that c is well-defined by
the above expression.
We will show that the vector space HP obtained by quantizing the 2g-torus
(T , kω) in a real polarization P realizes a unitary representation of the Heisenberg
group Hk.
Let us choose as in (3.5) an integer symplectic basis (Wi ;W
⊥
i ) for the space
(V, ω), with P = spanR{W1, . . . ,Wg}, and let us introduce as in Sect.3 the corre-
sponding standard unitary basis {sq⊗ δq}q∈(Z/kZ)g for HP . The sections sq of the
prequantum line bundle L over the Bohr-Sommerfeld orbits Λq are represented by
the Z-invariant distributional sections sˆq ∈ Γ(V; Lˆ) defined by (3.13)-(3.14). The
abelian translation group V acts on the space Γ(V; Lˆ) of sections of the line bundle
Lˆ → V by
(V · s)(X) = V · s(X − V ), for any V ∈ V, s ∈ Γ(V; Lˆ) .(5.1)
We compute the action of the subgroup 1kZ ⊂ V on the sections sˆq according to
the definition (5.1). Using the relations (3.7), we find that with respect to the
basis ( 1kWi ;
1
kW
⊥
i ) of
1
kZ the action of
1
kZ on {sˆq} reads
1
k
Wi · sˆq = e
2πi
qi
k sˆq
1
k
W⊥i · sˆq = sˆq(i+1) ,
where q(i+1) stands for q(i+1) = (q1, . . . , qi−1, qi+1, qi+1, . . . , qg). Since the sections
{sˆq} are Z-invariant, we get a well defined action of the group Zk =
1
kZ/Z.
The section δ of |DetP∗|
1
2 was obtained as the square root of the invariant
density κ on P. Hence the translation group V leaves δ invariant. For anyX ∈ Λˆq,l,
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we find from (3.12) that X + 1kWi ∈ Λˆq,l and X +
1
kW
⊥
i ∈ Λˆq(i+1),l. Thus we can
write:
1
k
Wi · δq = δq
1
k
W⊥i · δq = δq(i+1) .
Therefore, we define the action of the Heisenberg group Hk on the basis {sq⊗ δq}
of the Hilbert space HP by
(λ,wi) · (sq ⊗ δq) = λ e
2πi
qi
k sq ⊗ δq(5.2)
(λ,w⊥i ) · (sq ⊗ δq) = λ sq(i+1) ⊗ δq(i+1) ,
where λ ∈ T and wi, w
⊥
i are the images in Zk of the basis vectors Wi,W
⊥
i . For any
λ ∈ T the element (λ, 0) ∈ Hk is represented on HP by the operator λ I. Hence,
by the Stone-Von Neumann theorem (see [Mu2]) the above representation of Hk
is, up to isomorphism, the unique irreducible unitary representation of Hk on HP .
Theorem 5.3. For any two invariant real polarizations P1,P2 of (T , kω), the uni-
tary operator FP2P1 : HP1 → HP2 intertwines the representations of the Heisenberg
group Hk on the vector spaces HP1 and HP2 .
Proof. To prove this statement it is enough to show that
FP2P1 [(λ,w1i) · (s1q1 ⊗ δ1q1)] = (λ,w1i) · FP2P1(s1q1 ⊗ δ1q1)
FP2P1 [(λ,w
⊥
1i) · (s1q1 ⊗ δ1q1)] = (λ,w
⊥
1i) · FP2P1(s1q1 ⊗ δ1q1) .
We make use of the fact that the bases (W1i;W
⊥
1i ) and (W2i;W
⊥
2i ) of (V, ω), chosen
as in (3.5), are related by
W1i = −ω(2
⊥, 1)jiW2j + ω(2, 1)jiW
⊥
2j
W⊥1i = −ω(2
⊥, 1⊥)jiW2j + ω(2, 1
⊥)jiW
⊥
2j .
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We also use the relations:
ω(2⊥, 1⊥) = tω(2, 1)−1 + ω(2⊥, 1)ω(2, 1)−1ω(2, 1⊥),
if P1 and P2 are transverse,
ωˇ(2⊥, 1⊥) = tωˇ(2, 1)−1 + ωˇ(2⊥, 1)ωˇ(2, 1)−1ωˇ(2, 1⊥),
if P1 and P2 are not transverse.
Thus we can write:
(λ,w1i) =
(
λeπik[
tω(2,1)ω(2⊥,1)]ii ,
∑
j
ω(2, 1)jiw
⊥
2j
)
·
(
1,−
∑
j
ω(2⊥, 1)jiw2j
)
(λ,w⊥1i) =
(
λeπik[
tω(2,1⊥)ω(2⊥,1⊥)]ii ,
∑
j
ω(2, 1⊥)jiw
⊥
2j
)
·
(
1,−
∑
j
ω(2⊥, 1⊥)jiw2j
)
.
Then, using (5.2), we have for P1 and P2 transverse:
(λ,w1i) · FP2P1(s1q1 ⊗ δ1q1) =
∑
q2
M(2, 1)q2q1(λ,w1i) · (σ2q2 ⊗ δ2q2)
= λeπik[
tω(2,1)ω(2⊥,1)]ii
∑
q2
M(2, 1)q2q1e
−2πi
∑
j ω(2
⊥,1)ji
q2j
k (s2q′2 ⊗ δ2q′2),
where q′2j = q2j + ω(2, 1)ji
= λeπik[
tω(2,1)ω(2⊥,1)]ii
∑
q′′2
M(2, 1)q′′2q1e
−2πi
∑
j ω(2
⊥,1)ji
q2j
k (s2q2 ⊗ δ2q2),
where q′′2j = q2j − ω(2, 1)ji
= λe2πi
q1i
k
∑
q2
M(2, 1)q2q1 (s2q2 ⊗ δ2q2) = FP2P1 [(λ,w1i) · (s1q1 ⊗ δ1q1)]
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and
(λ,w⊥1i) · FP2P1(s1q1 ⊗ δ1q1) =
∑
q2
M(2, 1)q2q1(λ,w
⊥
1i) · (s2q2 ⊗ δ2q2)
= λeπik[
tω(2,1⊥)ω(2⊥,1⊥)]ii
∑
q2
M(2, 1)q2q1e
−2πi
∑
j ω(2
⊥,1⊥)ji
q2j
k (s2q′2 ⊗ δ2q′2),
where q′2j = q2j + ω(2, 1
⊥)ji
= λeπik[
tω(2,1⊥)ω(2⊥,1⊥)]ii
∑
q2
M(2, 1)q′′2q1e
−2πi
∑
j ω(2
⊥,1⊥)ji
q2j
k (s2q2 ⊗ δ2q2),
where q′′2j = q2j − ω(2, 1
⊥)ji
= λ
∑
q2
e
2pii
k
[ω(2,1)−1ω(2,1⊥)q1]i+
pii
k
[ω(2,1)−1ω(2,1⊥)]ii−
2pii
k
[ω(2,1)−1(q2+kl)]i ×
×M(2, 1)q2q1 (s2q2 ⊗ δ2q2)
= FP2P1 [λ (s1q1(i+1) ⊗ δ1q1(i+1))] = FP2P1 [(λ,w
⊥
1i) · (s1q1 ⊗ δ1q1)] .
A similar proof goes for P1 and P2 nontransverse polarizations and we omit it.
In view of the Stone-von Neumann theorem, the fact that the unitary operators
between the Hilbert spaces of different polarizations intertwine the representations
of the Heisenberg group Hk on these spaces, leads naturally to the conclusion that
these operators compose transitively up to a phase factor. In the next section we
will prove this fact through a direct computation which will give us at the same
time the explicit expression of the projective factor involved.
6. The projective Hilbert space
We begin by recalling the definition of the Maslov-Kashiwara index (or signa-
ture index) and some of its properties [LV]. Let L1, L2, L3 be three Lagrangian
subspaces of the 2g-dimensional symplectic vector space (V, ω). Then
Definition 6.1. The Maslov-Kashiwara index τ(L1, L2, L3) is defined as the sig-
nature of the quadratic form G on the 3g-dimensional vector space L1 ⊕ L2 ⊕ L3,
given by
G(X1 ⊕X2 ⊕X3) = ω(X1,X2) + ω(X2,X3) + ω(X3,X1)
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Let us assume that L1 and L3 are transverse, i.e. L1∩L3 = 0. Then V = L1⊕L3
and we let p31 : V → L3 denote the projection onto L3 along L1. The Lagrangian
subspaces L1 and L3 determine a symmetric bilinear form on L2 given by
H(X2,X
′
2) = ω(X2, p31X
′
2), for any X2,X
′
2 ∈ L2 .(6.2)
Then we have the lemma ([LV], §1.5):
Lemma 6.3. If L1 and L3 are transverse, then τ(L1, L2, L3) is equal to the sig-
nature of the quadratic form H(X2,X2) on L2:
τ(L1, L2, L3) = sgnH
The properties of the Maslov-Kashiwara index τ are summarized in the following
proposition [LV, Go]:
Proposition 6.4. The function τ : Lag(V) × Lag(V) × Lag(V) → Z has the
following properties:
(1) τ(aL1, aL2, aL3) = τ(L1, L2, L3), for any a ∈ Sp(V).
(2) τ(L1, L2, L3) is unchanged (changes sign) under an even (odd) permutation of
the triple (L1, L2, L3).
(3) τ(L1, L2, L3)− τ(L1, L2, L4) + τ(L1, L3, L4)− τ(L2, L3, L4) = 0, for any
L1, L2, L3, L4 ∈ Lag(V).
(4) For any triple L1, L2, L3 of Lagrangian subspaces of V (dimV = 2g) we have
τ(L1, L2, L3) ≡ g + dim(L1 ∩ L2) + dim(L2 ∩ L3) + dim(L3 ∩ L1) (mod 2).
Now let us consider three real invariant polarizations P1,P2,P3 of the sym-
plectic 2g-torus (T , ω). As before we let LP1 , LP2 , LP3 denote the corresponding
Lagrangian subspaces of (V, ω). Quantization associates to each polarization Pi
the Hilbert space HPi . These Hilbert spaces are related by the unitary intertwin-
ing operators FP1P3 , FP3P2 , FP2P1 introduced in Sect.4. We will prove that the
operator FP1P3 ◦ FP3P2 ◦ FP2P1 on HP1 is proportional to the identity operator.
More precisely:
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Theorem 6.5. For any three invariant real polarizations P1,P2,P3 of the sym-
plectic torus (T , kω) we have
FP1P3 ◦ FP3P2 ◦ FP2P1 = e
−pii
4
τ(LP1 ,LP2 ,LP3) I.
For the proof of the above theorem we will need the following proposition.
Proposition 6.6 (Reciprocity formula for Gauss sums). Let Q be a nonsingular
(g × g)-matrix with integer coefficients, a ∈ 2Z a positive even integer and w =
(w1, . . . , wg) ∈ Q
g such that aw ∈ Zg. Then we have:
∑
q∈(Z/aZ)g
e
pii
a
tqQq+2πi tw·q =
∣∣∣∣ agdetQ
∣∣∣∣
1
2
e
pii
4
sgnQ
∑
m∈Zg/QZg
e−πia
t(m+w)Q−1(m+w)
The proof of the above relation is a straightforward generalization of the argument
used in ([La], ch.4) to prove the one-dimensional Gauss sum formula. We prove
now Theorem (6.5).
Proof. Case 1. Let us consider first the case of three mutually transverse polar-
izations P1,P2,P3 of (T , kω). As in (3.5), we choose integer symplectic bases
(W1i ;W
⊥
1i ), (W2i ;W
⊥
2i ), (W3i ;W
⊥
3i ) of the symplectic vector space (V, ω), with
LP1 = spanR{W1i}i=1,...,g, LP2 = spanR{W2i}i=1,...,g, LP3 = spanR{W3i}i=1,...,g.
With respect to the above bases we introduce as in (4.7) the matrices ω(2, 1),
ω(2⊥, 1),ω(3, 2), ω(3, 1), etc. Since LP1 , LP2 , LP3 are mutually transverse, the ma-
trices ω(2, 1), ω(3, 2) and ω(3, 1) are nonsingular. The operators FP1P3 , FP3P2 and
FP2P1 are represented by the unitary matrices M(1, 3),M(3, 2) and M(2, 1), as
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expressed by (4.13). Then we have to compute the sum
∑
q2,q3∈(Z/kZ)g
M(1, 3)q′1q3 M(3, 2)q3q2 M(2, 1)q2q1(6.7)
=
∑
q2,q3∈(Z/kZ)g
M(3, 1)q3q′1
M(3, 2)q3q2 M(2, 1)q2q1
=
∣∣k3g detω(2, 1) detω(3, 2) detω(3, 1)∣∣− 12 ×
×
∑
q2,q3∈(Z/kZ)g
[
∑
[l31]∈Zg/ω(3,1)Zg
e
−pii
k
A(3,1)
l31q3q
′
1 ]
[
∑
[l32]∈Zg/ω(3,2)Zg
e
pii
k
A(3,2)l32q3q2 ]
[
∑
[l21]∈Zg/ω(2,1)Zg
e
pii
k
A(2,1)l21q2q1 ] .
Isolating the terms with the q2 variable, we get for the corresponding sum the
expression
Sq2 =
∑
q2∈(Z/kZ)g
e
pii
a
tq2Qq2+2πi tw·q2
with
w = tω(2, 1)−1
q1
k
− ω(3, 2)−1(
q3
k
+ l32)− ω(2
⊥, 1)ω(2, 1)−1l21
a = k |detω(2, 1) detω(3, 2)| ∈ 2Z
and Q the (g × g)-matrix with Z-coefficients
Q = |detω(2, 1) detω(3, 2)| [ω(2⊥, 3)ω(2, 3)−1 − ω(2⊥, 1)ω(2, 1)−1] .
From Lemma (4.8) it follows that Q is a symmetric matrix. A simple computation
shows that Q can be expressed as
Q = |detω(2, 1) detω(3, 2)| ω(3, 2)−1ω(3, 1)ω(2, 1)−1(6.8)
Thus detQ 6= 0. It is not difficult to see that we can extend the summation range
of the q2-variable in (6.7), so that we can write
Sq2 =
1
(a/k)g
∑
q2∈(Z/aZ)g
e
pii
a
tq2Qq2+2πi tw·q2
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By applying the Gauss sum reciprocity formula (6.6) this becomes
Sq2 =
1
(a/k)g
∣∣∣∣ agdetQ
∣∣∣∣
1
2
e
pii
4
sgnQ
∑
l∈Zg/QZg
e−πia
t(l+w)Q−1(l+w)
=
1
|detω(2, 1) detω(3, 2)|g
∣∣∣∣kg detω(2, 1) detω(3, 2)detω(3, 1)
∣∣∣∣
1
2
e
pii
4
sgnQ ×
×
∑
l∈Zg/QZg
e−πik
t(l+w)ω(2,1)ω(3,1)−1ω(3,2)(l+w) .
We introduce this back into (6.7) and proceed to compute the sum over the q3-
variable. Retaining only the terms which contain q3, we find that this sum can be
expressed as
Sq3 =
∑
q3∈(Z/kZ)g
e2πi
tq3
tω(3,1)−1[(
q′1
k
−
q1
k
)+ tω(3⊥,1)(l31−l32−ω(3,2⊥)l21+ω(3,2)l)] .
Letting b = k|detω(3, 1)|, an inspection of (6.7) shows that we can write this sum
as
Sq3 =
1
(b/k)g
∑
q3∈(Z/bZ)g
e2πi
tq3
tω(3,1)−1[(
q′1
k
−
q1
k
)+ tω(3⊥,1)(l31−l32−ω(3,2⊥)l21+ω(3,2)l)]
= kg δq′1q1 δl31,l32+ω(3,2⊥)l21−ω(3,2)l
Finally, plugging the above result back into (6.7) and performing the remaining
sums over l21, l32, l31 and l, we obtain
∑
q2,q3∈(Z/kZ)g
M(1, 3)q′1q3 M(3, 2)q3q2 M(2, 1)q2q1 = e
pii
4
sgnQ δq′1q1
Case 2. We consider now the case of three polarizations P1,P2,P3 such that
P3 is transverse to P1 and P2, but P1 and P2 are not transverse to each other.
We choose for (V, ω) integer symplectic bases (W1i ;W
⊥
1i ) and (W2i ;W
⊥
2i ), such
that LP1 = spanR{W1i}i=1,...,g, LP2 = spanR{W2i}i=1,...,g and satisfying the
conditions (4.16)-(4.17), and (W3i ;W
⊥
3i ) with LP3 = spanR{W3i}i=1,...,g. The
matrices ω(3, 1) and ω(3, 2) defined with respect to these bases are nonsingular,
while ω(2, 1) has the form shown in (4.18) and only the reduced matrix ωˇ(2, 1) is
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nonsingular. Using the expressions (4.13) and (4.24), we proceed to compute the
sum
∑
q2,q3∈(Z/kZ)g
M(1, 3)q′1q3 M(3, 2)q3q2 M(2, 1)q2q1(6.9)
=
∣∣∣k2gkh det ωˇ(2, 1) detω(3, 2) detω(3, 1)∣∣∣− 12 g∏
i=h+1
δq2iq1i ×
×
∑
q2,q3∈(Z/kZ)g
[
∑
[l31]∈Zg/ω(3,1)Zg
e
−pii
k
A(3,1)
l31q3q
′
1 ]
[
∑
[l32]∈Zg/ω(3,2)Zg
e
pii
k
A(3,2)l32q3q2 ]
[
∑
[l21]∈Zh/ωˇ(2,1)Zh
e
pii
k
Aˇ(2,1)l21 qˇ2qˇ1 ]
Let us deal first with the sum over q2 and make use of the fact that q2i = q1i for
i = h + 1, . . . , g. As before we use the notation qˇ2 = (q21, . . . , q2h). We find that
the sum over the terms which contain qˇ2 reads:
Sqˇ2 =
∑
qˇ2∈(Z/kZ)h
e
pii
k
tqˇ2Bωˇ(2,1)−1qˇ2+2πi tw·qˇ2 ,
where we introduced the notations
Bij = (ω(3, 2)
−1ω(3, 1))ij , i, j = 1, . . . , h
wi =
g∑
j=h+1
(ω(2⊥, 3)ω(2, 3)−1)ij
q1j
k
−
h∑
j=1
ωˇ(2, 1)−1ji
q1j
k
−
g∑
j=1
ω(3, 2)−1ij (
q3
k
+ l32)j −
h∑
j=1
(ωˇ(2⊥, 1)ωˇ(2, 1)−1)ij(l21)j
Now let us define
a = k |det ωˇ(2, 1) detω(3, 2)| ∈ 2Z
Qˇ = |det ωˇ(2, 1) detω(3, 2)| Bωˇ(2, 1)−1
The (h × h)-matrix Qˇ is symmetric and has integer coefficients. We also have
ω(3, 2)−1ω(3, 1) =
(
B 0
0 I
)
and thus (B−1)ij = (ω(3, 1)
−1ω(3, 2))ij , i, j = 1, . . . , h.
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Then, since (6.9) is unchanged if we appropriately extend the summation range of
the qˇ2-variable, we can write
Sqˇ2 =
1
(a/k)h
∑
qˇ2∈(Z/aZ)h
e
pii
a
tqˇ2Qˇqˇ2+2πi tw·qˇ2
=
1
|det ωˇ(2, 1) detω(3, 2)|h
∣∣∣∣kh det ωˇ(2, 1) detω(3, 2)detω(3, 1)
∣∣∣∣
1
2
e
pii
4
sgnQˇ ×
×
∑
l∈Zh/QˇZh
e−πik
t(l+w)ωˇ(2,1)B−1(l+w) .
For the last equality in the above expression we used the Gauss sum formula of
Proposition (6.6). Now, introducing the notation l′21 = (l21, 0, . . . , 0) and l
′ =
(l, 0, . . . , 0) for the extensions of l21 and l to g-dimensional vectors, we find that
the resulting sum over the terms containing q3 is
Sq3 =
∑
q3∈(Z/kZ)g
e2πi
tq3
tω(3,1)−1[(
q′1
k
−
q1
k
)+ tω(3⊥,1)(l31−l32−ω(3,2⊥)l′21+ω(3,2)l
′)]
= kgδq′1q1 δl31,l32+ω(3,2⊥)l′21−ω(3,2)l′ .
Finally, inserting the above result back into (6.9), we obtain
∑
q2,q3∈(Z/kZ)g
M(1, 3)q′1q3 M(3, 2)q3q2 M(2, 1)q2q1 = e
pii
4
sgnQˇ δq′1q1
Now, let us examine more closely the symmetric matrices Q and Qˇ and their
relation to the symmetric bilinear form H from (6.2) introduced in relation to the
Maslov-Kashiwara index. Since LP1 ∩ LP3 = 0, we can take (W3i ,W1i) as basis
for V. With respect to this basis W2i has the decomposition
W2i = (ω(2, 1)ω(3, 1)
−1)ijW3j + (ω(2, 3)ω(1, 3)
−1)ijW1j .
Using this we find for the symmetric bilinear form H on LP2 the expression
Hij = H(W2i,W2j) = ω(W2i, p31W2j)
= −[ω(2, 1)ω(3, 1)−1ω(3, 2)]ij , i, j = 1, . . . , g .
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If LP1 and LP2 are transverse, then comparing the above formula to (6.8) we find
that
H = − |detω(2, 1) det ω(3, 2)| Q−1 .
Thus sgn H = − sgn Q in this case. If LP1 and LP2 are not transverse, then we
have
H = −ω(2, 1)ω(3, 1)−1ω(3, 2) = −

ωˇ(2, 1) 0
0 0



B−1 0
0 I


= −

ωˇ(2, 1)B−1 0
0 0

 = − |det ωˇ(2, 1) det ω(3, 2)|

Qˇ−1 0
0 0


and sgn H = − sgn Qˇ. Therefore, having in view Lemma (6.3), we obtain in either
case that
∑
q2,q3∈(Z/kZ)g
M(1, 3)q′1q3 M(3, 2)q3q2 M(2, 1)q2q1 = e
−pii
4
τ(LP1 ,LP2 ,LP3) δq′1q1 .
(6.10)
Given three arbitrary polarizations P1,P2,P3 of T we can always find a polariza-
tion P4 transversal to all of them. Together with the cocycle property (6.4)-(3))
of τ this implies that (6.10) holds in general.
Thus geometric quantization assigns canonically to the symplectic torus (T , kω) a
projective Hilbert space PH. A similar property to the one expressed by Theorem
(6.5) for the quantization of symplectic tori holds for the quantization of symplectic
vector spaces using constant real polarizations. In the vector space case too, the
unitary operators relating the Hilbert spaces of different polarizations satisfy a
transitive composition law up to a projective factor given in terms of the Maslov-
Kashiwara index, exactly as in (6.5). For the treatment of the quantization of a
symplectic vector space we refer the reader to [GS, LV, Wo].
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7. The metaplectic correction
The quantization of the 2g-dimensional torus T described in Sect.3 associated to
the data (T , kω,P), with P an invariant real polarization, a Hilbert space HP . In
constructing HP we made use of the bundle of half-densities on P and we proved in
Sect.4 and Sect.6 that the Hilbert spaces of different polarizations are projectively
identified. In this section we show that by using half-forms instead of half-densities
we can associate to (T , kω) a true Hilbert space H˜, not merely a projective one
PH.
7.1. Metaplectic and metalinear structures. A consistent choice of the bun-
dle of half-forms on P, for each polarization P, requires the choice of a metaplectic
frame bundle on (T , kω).
Let SP (T ) denote the symplectic frame bundle of (T , kω). The bundle SP (T ) is
the principal Sp(2g,R)-bundle over T whose fibre at x is the set of all ordered bases
(U1, . . . , Ug;V1, . . . , Vg) of Tx(T ) which satisfy kω(Ui, Vj) = δij and kω(Ui, Uj) =
kω(Vi, Vj) = 0. Let Mp(2g,R) denote the metaplectic group, that is, the double
cover of the symplectic group Sp(2g,R), and let ρ : Mp(2g,R) → Sp(2g,R) be
the covering homomorphism. A metaplectic frame bundle on (T , kω) is a principal
Mp(2g,R)-bundleMP (T ) over T together with a 2 : 1 covering map p : MP (T )→
SP (T ), such that the following diagram commutes:
MP (T )×Mp(2g,R) −−−→ MP (T )
p×ρ
y yp
SP (T )× Sp(2g,R) −−−→ SP (T )
The horizontal arrows denote the right group actions. The set of isomorphism
classes of metaplectic frame bundles on T is a principal homogeneous space for
the cohomology group H1(T ;Z2) ([GS], ch.V).
Let us consider now the complex linear group GL(g,C) and its double cover,
the complex metalinear group ML(g,C). Let ρ : ML(g,C) → GL(g,C) be the
covering projection and χ : ML(g,C) → C the character of ML(g,C) defined as
the holomorphic square root of the complex character det ◦ρ such that χ(e˜) = 1,
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where e˜ is the identity element of ML(g,C). The real linear group GL(g,R) is a
subgroup of GL(g,C) and its preimage ML(g,R) = ρ−1GL(g,R) ⊂ ML(g,C) is
the real metalinear group. The linear group GL(g,R) is naturally embedded in
Sp(2g,R) and the metalinear group ML(g,R) can be identified with a subgroup
of the metaplectic group Mp(2g,R) [GS, Bl]. The element ε˜ in Mp(2g,R), ε˜ 6= e˜,
and which covers the identity e in Sp(2g,R), belongs to Mp(2g,R) ∩ML(g,R)
and χ(ε˜) = eπi = −1.
We outline the standard construction [Bl, GS] which, given a metaplectic frame
bundle MP (T ), defines the bundle of metalinear Lagrangian frames and, for each
polarization P, the bundle of half-forms on P. Let N denote the subgroup of
Sp(2g,R) given by N = {
(
I S
0 I
)
| S ∈ GL(g,R), tS = S}. The group N is simply
connected and its preimage ρ−1N under the projection ρ : Mp(2g,R)→ Sp(2g,R)
has two components, each diffeomorphic to N . We identify the identity component
with N and regard N as a subgroup of Mp(2g,R).
The bundle SP (T )/N on T obtained by taking the quotient of the symplectic
frame bundle under the right-action of the subgroup N ⊂ Sp(2g,R) is naturally
identified with the bundle F l(T ) of Lagrangian frames of T (T ). We recall that
a Lagrangian frame V of Tx(T ) is an ordered g-tuple V = (V1, . . . , Vg) of vec-
tors Vi ∈ Tx(T ) such that kω(Vi, Vj) = 0. The group GL(g,R) acts freely on
F lx(T ) on the right. There is a surjective map λ : SP (T ) → F l(T ) which sends
a symplectic frame (V ;W ) = (V1, . . . , Vg;W1, . . . ,Wg) of Tx(T ) to the Lagrangian
frame V = (V1, . . . , Vg). The map λ : SP (T ) → F l(T ) is a principal N -bundle.
The group GL(g,R) ⊂ Sp(2g,R) acts on SP (T ) on the right and λ is equivari-
ant with respect to the GL(g,R)-actions on SP (T ) and F l(T ). Since GL(g,R)
normalizes N in Sp(2g,R), it also acts on SP (T )/N on the right and we have a
GL(g,R)-equivariant isomorphism of SP (T )/N with F l(T ).
Consider now the bundle F˜ l(T ) = MP (T )/N on T . The metalinear group
ML(g,R) normalizes N inMp(2g,R). Therefore, the quotient map λ˜ : MP (T )→
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F˜ l(T ) is ML(g,R)-equivariant and we have the commutative diagram:
MP (T )
λ˜
−−−→ F˜ l(T )
p
y yp
SP (T )
λ
−−−→ F l(T )
(7.1)
F˜ l(T ) is a double cover of F l(T ) called the bundle ofmetalinear Lagrangian frames
on T . One can easily see thatML(g,R)-orbits in F˜ l(T ) project to GL(g,R)-orbits
in F l(T ).
Now, for any real polarization P of (T , kω), let GL(P) denote the bundle of
linear frames of P. It is the principal GL(g,R)-bundle on T whose fibre over x is
the set of all ordered bases W = (W1, . . . ,Wg) of Px ⊂ Tx(T ). A metalinear frame
bundle for P is a principal ML(g,R)-bundle ML(P) on T together with a 2 : 1
covering map p :ML(P)→ GL(P) such that the following diagram commutes:
ML(P) ×ML(g,R) −−−→ ML(P)
p×ρ
y yp
GL(P) ×GL(g,R) −−−→ GL(P)
SinceGL(P) ⊂ F l(T ), we define the bundle of metalinear frames of P as the preim-
age ML(P) = p−1(GL(P)) under the covering projection p : F˜ l(T ) → F l(T ).
Thus the choice of a metaplectic structure on (T , kω) uniquely determines, for
each real polarization P, a metalinear structure on P.
Given a metalinear frame bundle for each polarization P, we can now define the
bundle (DetP∗)
1
2 of half-forms on P. It is the complex line bundle on T associated
toML(P) through the left-action ofML(g,R) on C, defined for any a˜ ∈ML(g,R)
by multiplication with χ(a˜)−1. That is,
(DetP∗)
1
2 = ML(P) ×ML(g,R) C ,(7.2)
where a point [W˜ , λ] in the line bundle (DetP∗)
1
2 is defined as the equivalence class
[W˜ , λ] = {(W˜ · a˜, χ(a˜)λ) | a˜ ∈ML(g,R)}. The space of sections µ of (DetP∗)
1
2 is
isomorphic to the space of ML(g,R)-equivariant functions µ♯ : ML(P)→ C, that
is, functions satisfying µ♯(W˜ · a˜) = χ(a˜)µ♯(W˜ ).
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We describe now the construction of a metaplectic frame bundle over T . Let
us consider again the symplectic linear manifold (V, kω). We choose a symplec-
tic frame (U1, . . . , Ug;V1, . . . , Vg) with respect to which we identify the symplectic
frame bundle SP (V) with the product bundle V × Sp(2g,R). There is only one
metaplectic structure on V and it corresponds to the trivial metaplectic frame
bundle MP (V) = V ×Mp(2g,R) with covering map p : MP (V) → SP (V) de-
fined by p(X, c˜) = (X, ρ(c˜)), for any X ∈ V and c˜ ∈ Mp(2g,R). The bundle of
symplectic frames SP (T ) over T is also trivializable and we identify it with the
trivial bundle T × Sp(2g,R) through the trivialization defined by the global in-
variant symplectic frame (U1, . . . , Ug;V1, . . . , Vg). To define the metaplectic frame
bundleMP (T ) over T we lift the action of the integer lattice Z on V to the bundle
MP (V) and let MP (T ) =MP (V)/Z. The Z-action on MP (V) is determined by
a homomorphism ǫ : Z → Z/2Z and is defined by
W · (X, c˜) = (X +W , ε˜ǫ(W )c˜) ,
for any W ∈ Z and (X, c˜) ∈ V × Mp(2g,R). Thus we have the commutative
diagram:
MP (V) −−−→ MP ǫ(T ) =MP (V)/Zy y
V −−−→ T = V/Z
(7.3)
where MP ǫ(T ) stands for the metaplectic frame bundle determined by the homo-
morphism ǫ : Z → Z/2Z.
For the symplectic linear space (V, kω) we have, by a construction similar
to the one outlined previously for (T , kω), the following bundles: the bundle
of Lagrangian frames F l(V) = SP (V)/N ; the bundle of metalinear Lagrangian
frames F˜ l(V) = MP (V)/N ; for any constant real polarization P of V, the bundle
ĜL(P) ⊂ F l(V) of frames of P, the bundle M̂L(P) ⊂ F˜ l(V) of metalinear frames
of P and the bundle (D̂etP∗)
1
2 = M̂L(P) ×ML(g,R) C of half-forms on P. The
Z-action on MP (V) commutes with the right Mp(2g,R)-action and, therefore,
also with the action of the subgroup N ⊂ Mp(2g,R). Hence there is an induced
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Z-action on F˜ l(V) = MP (V)/N and on any subbundle M̂L(P) ⊂ F˜ l(V). Thus
we have
F˜ l(T ) =MP (T )/N = (MP (V)/Z)/N = F˜ l(V)/Z
That is, F˜ l(T ) is the quotient of F˜ l(V) under the Z-action defined, for anyW ∈ Z
and (X, c˜W ) ∈ F˜ l(V), by
W · (X, c˜N) = (X +W, ε˜ǫ(W )c˜N) .
Hence, the metalinear frame bundle ML(P) on T for the invariant real polar-
ization P of T induced from the constant polarization P of V is the Z-quotient
ML(P) = M̂L(P)/Z. The Z-action on M̂L(P) ⊂ F˜ l(V) induces a Z-action on
the associated bundle of half-forms (D̂etP∗)
1
2 = M̂L(P)×ML(g,R) C and
W · [(X, c˜N), λ] = [W · (X, c˜N) , λ]
= [(X +W, ε˜ǫ(W )c˜N) , λ]
= [(X +W, c˜N) · ε˜ǫ(W ) , λ] (ε˜ is central)
= [(X +W, c˜N) , χ(ε˜ǫ(W ))−1λ]
= e−πiǫ(W )[(X +W , c˜N), λ] , for any W ∈ Z.
It follows that (DetP∗)
1
2 = (D̂etP∗)
1
2/Z and that the space of sections of the line
bundle (DetP∗)
1
2 over T can be identified with the space of Z-invariant sections
of the line bundle (D̂etP∗)
1
2 over V. A section µˆ of (D̂etP∗)
1
2 corresponds to a
ML(g,R)-equivariant map µˆ♯ : M̂L(P) → C and it is Z-invariant if the function
µˆ♯ satisfies
µˆ♯(X +W, c˜N) = e−πiǫ(W ) µˆ♯(X, c˜N) ,
for any W ∈ Z.
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7.2. Quantization with half-forms. Now, let us return to the quantization of
(T , kω). We construct the Hilbert space H˜P from sections of the line bundle
L ⊗ (DetP∗)
1
2 covariantly constant along the polarization P. The operator of
covariant differentiation along P of sections of the bundle of half-forms (DetP∗)
1
2
is defined similarly to (2.5). Let µ be a section of (DetP∗)
1
2 . Then, for any V ∈ P,
∇PV µ is the section with associated function (∇
P
V µ)
♯ :ML(P)→ C determined by
(∇PV µ)
♯(X˜) = V (µ♯(X˜)) .
In the above expression X˜ is a local metalinear frame field covering the local frame
X = (X1, . . . ,Xg), where X1, . . . ,Xg are Hamiltonian vector fields spanning P on
some contractible open subset of T . The covariant differentiation along V ∈ P of
a section s⊗ µ of L ⊗ (DetP∗)
1
2 is then defined by
∇PV (s⊗ µ) = ∇V s⊗ µ+ s⊗∇
P
V .
The space of sections of the line bundle L⊗ (DetP∗)
1
2 over T is identified with the
space of Z-invariant sections of the line bundle Lˆ ⊗ (D̂etP∗)
1
2 over V.
Let us choose as in (3.5) constant vector fields W1, . . . ,Wg on V such that
P = spanR{W1, . . . ,Wg} and Wi ∈ P ∩ Z. Then the Bohr-Sommerfeld set BSP
on T , that is, the union of all the leaves Λ of the polarization P for which the
line bundle (L ⊗ (DetP∗)
1
2 )
∣∣
Λ
has a nowhere zero covariantly constant section, is
determined by the condition
e2πikω(W,X)−πiǫ(W ) = 1 , for any W ∈ P ∩ Z.(7.4)
The kg distinct Bohr-Sommerfeld orbits on T , labeled by the index q running
through the set (Z/kZ)g, are described by the equations:
Λq=(q1,...,qg) : kω(Wi,X) = qi +
1
2
ǫ(Wi) (mod k), i = 1, . . . , g
The Hilbert space H˜P is defined as
H˜P = ⊕
Λ⊂BSP
S˜Λ ,
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where S˜Λ is the one-dimensional space of parallel sections of the line bundle (L ⊗
(DetP∗)
1
2 )
∣∣
Λ
. The inner product in H˜P is defined by
〈σ, σ′〉 =


0 , if σ ∈ S˜Λ, σ
′ ∈ S˜Λ′ , Λ 6= Λ
′
∫
Λ
Ω(σ, σ′) , if σ, σ′ ∈ S˜Λ
The density Ω(σ, σ′) on the Bohr-Sommerfeld orbit Λ is defined as follows. For
each point x ∈ Λ, there is a neighborhood U of x such that both line bundles L
and (DetP∗)
1
2 are trivializable. Then the sections σ and σ′ restricted to U ∩Λ can
be expressed as σ = s⊗ µ and σ′ = s′ ⊗ µ′, for some covariantly constant sections
s, s′ of L and µ, µ′ of (DetP∗)
1
2 over U ∩Λ. Let W = (W1, . . . ,Wg) be a frame for
Px. Then we set
Ω(σ, σ′)(W ) = (s, s′)(x) µ♯(W˜ ) µ′
♯
(W˜ )
where W˜ ∈ ML(P)x is a metalinear frame which projects onto the linear frame
W ∈ GL(P)x.
Let us also reformulate the BKS pairing in the light of the new definitions based
on the choice of a metaplectic frame bundle and the use of half-forms instead of
half-densities. Let P1 and P2 be two real polarizations of T . The corresponding
Hilbert spaces are H˜P1 = ⊕
Λ1⊂BSP1
S˜Λ1 and H˜P2 = ⊕
Λ2⊂BSP2
S˜Λ2 . The BKS pairing
〈〈·, ·〉〉 : H˜P2 × H˜P1 → C is defined by setting
〈〈σ2, σ1〉〉 = e
−pii
4
h
∫
Λ2∩Λ1
Ω(σ2, σ1) , for any σ2 ∈ S˜Λ2 , σ1 ∈ S˜Λ1 ,(7.5)
where h = g − dim(P1 ∩ P2) and Ω(σ2, σ1) is the density on Λ2 ∩ Λ1 defined as
follows. For any point x ∈ Λ2 ∩ Λ1, choose a basis B = (V2,W ;V1, T ) of Tx(T ) as
in (4.1)-(4.2). Then U1 = (V1,W ) is a frame for P1x and U2 = (V2,W ) is a frame
for P2x. In a neighborhood of x the sections σ1 and σ2 can be factorized such that
σ1 = s1 ⊗ µ1 and σ2 = s2 ⊗ µ2, with s1, s2 sections of L and µ1, µ2 sections of
(DetP∗1 )
1
2 and (DetP∗2 )
1
2 , respectively. Then the value of the density Ω(σ2, σ1) on
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the basis W of Tx(Λ2 ∩ Λ1) is defined to be
Ω(σ2, σ1)(W ) = (s2, s1)(x) µ
♯
2(U˜2) µ
♯
1(U˜1) .(7.6)
In the above expression U˜1 is a metalinear frame of P1x which projects onto U1
and U˜2 a metalinear frame of P2x which projects onto U2. The frames U˜1, U˜2
are chosen in a manner ’consistent’ with the metaplectic structure on (T , kω).
Following [GS, Bl] we describe below what this ’consistent’ choice means.
Assume first that the polarizations P1 and P2 are transverse, that is P1∩P2 = 0.
Then B = (U2;U1) is a symplectic basis of (T , kω) at x. We arbitrarily pick a
metalinear frame U˜2 ∈ ML(P2)x projecting onto U2. Then there exists a unique
metaplectic frame B˜ ∈ MP (T )x so that p(B˜) = B and λ˜(B˜) = U˜2, where the
maps are those of diagram (7.1). Let j be the element of Sp(2g,R) represented
by the matrix j =
(
0 −I
I 0
)
. Then B · j = (U1;−U2) and we have λ(B) = U2 and
λ(B · j) = U1. Now let c(t), with t ∈ [0,
π
2 ], be the unique one-parameter subgroup
of Mp(2g,R) projecting onto c(t) =
(
I cos t −I sin t
I sin t I cos t
)
∈ Sp(2g,R) and set j˜ = c˜(π2 ).
Then U˜1 = λ˜(B˜ · j˜) ∈ ML(P1)x is a metalinear frame for P1 projecting onto U1,
uniquely determined by the choices of a metaplectic frame bundle and metalinear
frame U˜2.
For nontransverse polarizations P12 = P1 ∩ P2 6= 0 and P12 is an isotropic
integrable distribution. The space T /P12 of all integral manifolds of P12 is a
quotient manifold of T and we let Π12 : T → T /P12 denote the canonical pro-
jection. The symplectic complement of P12 is the integrable coisotropic distribu-
tion P⊥12 = P1 + P2. For each integral manifold M of P
⊥
12, the symplectic form
ω
∣∣
M
projects to a symplectic form ωM ′ on the submanifold M
′ = Π12(M) of
T /P12. The metaplectic structure on (T , kω) induces a metaplectic structure on
(M ′, kωM ′) ([Sn3], §5.4). Then, making use of this induced metaplectic structure,
we are able, just as in the case of transverse polarizations, to uniquely pick the
metalinear frame U˜1 projecting onto U1 for a given a frame U˜2 over U2.
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Finally one can check that the right-hand side of the expression (7.6) does not
depend on the choice of U˜2 covering U2 and that Ω(σ2, σ1) does indeed define a
density on T (Λ2 ∩ Λ1).
7.3. The Hilbert space. We are going to quantize (T , kω) with the trivial meta-
plectic structure. The bundle of metaplectic frames on T defined by (7.3) is the
product bundle MP (T ) = T ×Mp(2g,R). Since the metaplectic frame bundle
is trivial so are the metalinear frame bundle and the bundle of half-forms of any
polarization of T . The Bohr-Sommerfeld condition (7.4) reads now as in Sect.3.
However, as we shall prove below, the use of half-forms in the construction of the
quantum Hilbert space leads to intertwining operators between Hilbert spaces of
different polarizations which obey a transitive composition law.
For each polarization P we fix a symplectic frame (Wi ;W
⊥
i ) of (T , ω) as in
(3.5), with P = spanR{W1, . . . ,Wg}, and a metalinear frame field W˜ ∈ ML(P)
projecting onto the linear frame field W = (W1, . . . ,Wg) of P. This uniquely
determines a standard unitary basis {σq = sq ⊗ δq}q∈(Z/kZ)g of the Hilbert space
H˜P , where:
• sq is the unitary section of L on the Bohr-Sommerfeld leave Λq, as described
by the equations (3.13)-(3.14);
• δq is the restriction to Λq of the section δ of (DetP
∗)
1
2 defined by setting
δ♯(W˜ ) = 1.
For any two polarizations P1 and P2, the BKS pairing (7.5) induces the linear
operator F˜P2P1 : H˜P1 → H˜P2 defined by 〈σ2, F˜P2P1σ1〉 = 〈〈σ2, σ1〉〉, for any σ1 ∈
H˜P1 and σ2 ∈ H˜P2 . With respect to the unitary bases {σ1q1 = s1q1 ⊗ δ1q1} of H˜P1
and {σ2q2 = s2q2 ⊗ δ2q2} of H˜P2 , the operator F˜P2P1 is represented by the matrix
M˜(2, 1)q2q1 = e
−pii
4
h
∫
Λ2q2∩Λ1q1
Ω(σ2q2 , σ1q1)
where h = g − dim(P1 ∩ P2). Let us compute the explicit form of the matrix
M˜(2, 1). Choose linear frames W1 ∈ GL(P1) and W2 ∈ GL(P2) as in (4.16)-(4.17)
and metalinear frame fields W˜1 ∈ML(P1) projecting onto W1 and W˜2 ∈ML(P2)
projecting onto W2. The half-forms δ1 and δ2 are defined by δ
♯
1(W˜1) = 1 and
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δ♯2(W˜2) = 1. Let us introduce, as in (4.23), the symplectic frame B = (V2,W ;V1, T )
for (T , kω) satisfying the conditions (4.1)-(4.2). Let a21 be the element of GL(g,R)
defined by
a21 =



kωˇ(2, 1) 0
0 I

 , if P1 ∩ P2 6= 0
kω(2, 1) , if P1 ∩ P2 = 0
Then U2 = (V2,W ) = W2 is a frame for P2 and U1 = (V1,W ) = W1 · a
−1
21 is a
frame for P1. Let us take U˜2 = W˜2 ∈ ML(P2). Then, as mentioned previously,
this uniquely picks a metalinear frame U˜1 ∈ ML(P1) projecting onto U1. There
is a unique element a˜21 ∈ ML(g,R) so that W˜1 = U˜1 · a˜21 and its projection to
GL(g,R) is ρ(a˜21) = a21. For any pair of intersecting Bohr-Sommerfeld orbits Λ1q1
and Λ2q2 , the pair of frames U˜2 and U˜1 is used to define the density Ω(σ2q2 , σ1q1)
according to (7.6). Thus we obtain
Ω(σ2q2 , σ1q1)(W ) = (s2q2 , s1q1) δ
♯
2q2
(U˜2) δ
♯
1q1
(U˜1)
= (s2q2 , s1q1) δ
♯
2q2
(W˜2) δ
♯
1q1
(W˜1 · a˜
−1
21 )
= χ(a˜21)
−1 (s2q2 , s1q1)
Together with the results of Sect.4 the above expression implies that the matrix
M˜(2, 1) differs from the expression of the matrixM(2, 1) of that section by a phase
factor:
M˜(2, 1) = e−
pii
4
h χ(a˜21)
−1
|det a21|
− 1
2
M(2, 1) .(7.7)
Therefore the conclusion at the end of Sect.4 is still valid, that is,
Theorem 7.8. For any two polarizations P1 and P2 of the symplectic torus (T , kω),
the linear operator F˜P2P1 : H˜P1 → H˜P2 is unitary.
However, the Theorem (6.5) of Sect.6 is restated as follows:
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Theorem 7.9. For any three invariant real polarizations P1,P2,P3 of the sym-
plectic torus (T , kω) we have
F˜P1P3 ◦ F˜P3P2 ◦ F˜P2P1 = I
Proof. The proof is the same as for Theorem (6.5), the only modification being
the appropriate factor correction indicated in (7.7). Therefore, using (6.10), we
find that, with the assumption that P3 is transverse to P1 and P2, we have∑
q2,q3∈(Z/kZ)g
M˜(1, 3)q′1q3 M˜(3, 2)q3q2 M˜(2, 1)q2q1 =(7.10)
=
e−
pii
4
h χ(a˜−132 a˜31a˜
−1
21 )
|det a32|
− 1
2 |det a31|
1
2 |det a21|
− 1
2
e−
pii
4
τ(LP1 ,LP2 ,LP3) δq′1q1
Under the projection ρ :ML(g,R)→ GL(g,R) we have ρ(a˜31) = a31, ρ(a˜32) = a32
and ρ(a˜21) = a21. Making use of the results of Sect.6 we find the following. If
P1 ∩ P2 = 0 then
a−132 a31a
−1
21 = k
−1ω(3, 2)−1ω(3, 1)ω(2, 1)−1 = −k−1H−1 ,
where H is the symmetric matrix whose signature is the Maslov-Kashiwara index
τ(LP1 , LP2 , LP3). If P1 ∩ P2 6= 0 then
a−132 a31a
−1
21 = ω(3, 2)
−1ω(3, 1)

k−1ωˇ(2, 1)−1 0
0 I

 =

k−1Bωˇ(2, 1)−1 0
0 I


and H = −
(
ωˇ(2,1)B 0
0 0
)
. Thus, we obtain
e−
pii
4
h χ(a˜−132 a˜31a˜
−1
21 )
|det a32|
− 1
2 |det a31|
1
2 |det a21|
− 1
2
= e−
pii
4
h e
pii
2
h+ = e
pii
4
sgnH ,
where h+ equals the number of positive eigenvalues of the symmetric matrix H.
For the last equality we used the relation sgnH = 2h+−g+dim(P1∩P2) = 2h+−h.
Thus the phase factors on the right-hand side of equation (7.10) cancel out.
Hence quantization canonically associates to the data (T , kω) plus a trivial meta-
plectic frame bundle a Hilbert space H˜. This is similar to the quantization of
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a symplectic vector space [GS, Wo], where the metaplectic correction resolves
the projective ambiguity from the quantization with half-densities and enables
the construction of a Hilbert space. One can carry out the constructions of the
present section (Hilbert space, BKS pairing) equally well for a choice of a nontriv-
ial metaplectic structure on (T , kω). The computations necessary for proving the
Theorems (7.8) and (7.9) are more involved, but the conclusions are the same.
8. The Maslov index and the Hilbert space
In this section we present an alternative way to the metaplectic correction of
resolving the projective ambiguity which results from the quantization with half-
densities described in Sect.6. It exploits the relationship between the Maslov-
Kashiwara index of a triple of Lagrangian planes of a symplectic vector space
and the Maslov index of a pair of elements in a 4-fold cover of the Lagrangian
Grassmannian of that space. The idea is not new; the same facts are used in
the construction of the Shale-Weil representation of the metaplectic group on the
Hilbert space of quantization of a symplectic space [GS, LV].
We begin by summarizing some results regarding the covering groups of the
symplectic group, the covering spaces of the Lagrangian Grassmannian of a sym-
plectic vector space and the Maslov index. For more details and proofs we refer
the reader to [Go, GS, Le].
Consider again the symplectic 2g-dimensional vector space (V, ω). Let Lag(V)
denote the Lagrangian Grassmannian of (V, ω), that is, the space of all Lagrangian
subspaces of V. The symplectic group Sp(V) acts transitively on Lag(V). The
isotropy group at any point L in Lag(V) is a closed subgroup S of Sp(V) isomorphic
to GL(g,R) × R
g(g+1)
2 . Let α and β denote the generators of π1(Sp(V)) ∼= Z and
π1(Lag(V)) ∼= Z, respectively, whose natural images in Z are 1. The fibration
Sp(V) → Sp(V)/S = Lag(V) defines a monomorphism π1(Sp(V)) → π1(Lag(V))
which sends α to β2 [GS, Le]. We have ([Le], ch.I):
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Theorem 8.1. (1) For every q = 1, 2, . . . ,∞ the symplectic group has a unique
q-fold covering group Spq(V); Sp∞(V) is the universal covering group. The gen-
erator α of π1(Sp(V)) acts on Spq(V); α
r does not act as the identity on Spq(V)
unless r ≡ (mod q).
(2) For every q = 1, 2, . . . ,∞ the Lagrangian Grassmannian Lag(V) has a unique
q-fold covering space Lagq(V); Lag∞(V) is the universal covering space. The gen-
erator β of π1(Lag(V)) acts on Lagq(V); β
r does not act as the identity on Lagq(V)
unless r ≡ (mod q).
(3) the group Spq(V) acts transitively on Lag2q(V) and
(α · aq) · L2q = aq · (β
2 · L2q) = β
2 · (aq · L2q) ,
for any aq ∈ Spq(V) and L2q ∈ Lag2q(V).
For our purpose the important fact is that the double cover Mp(V) = Sp2(V)
of Sp(V), the metaplectic group, acts on the 4-fold cover Lag4(V) of Lag(V).
Let us consider the universal covering space Lag∞(V) of Lag(V) and for any
L∞ ∈ Lag∞(V) let L denote its natural projection onto Lag(V). A pair (L∞, L
′
∞)
of elements in Lag∞(V)×Lag∞(V) is called transverse if L∩L
′ = 0. We will make
use of the following results [Go]:
Theorem 8.2. There exists a unique function
µ : Lag∞(V)× Lag∞(V) −→ Z
called the Maslov index, with the following two properties:
(1) µ(L∞, L
′
∞)− µ(L∞, L
′′
∞) + µ(L
′
∞, L
′′
∞) = τ(L,L
′, L′′);
(2) µ(L∞, L
′
∞) − τ(L,L
′, L′′) is locally constant on the subset {(L∞, L
′
∞, L
′′) ∈
Lag∞(V)× Lag∞(V)× Lag(V) | L ∩ L
′′ = L′ ∩ L′′ = 0}.
where τ(L,L′, L′′) in (8.2-(1)) is the Maslov-Kashiwara index of a triple L,L′, L′′
of Lagrangian planes in (V, ω) introduced in Sect.6.
Proposition 8.3. The Maslov index µ has the following properties:
(1) µ(L∞, L
′
∞) + µ(L
′
∞, L∞) = 0;
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(2) µ(L∞, L
′
∞) ≡ g − dim(L ∩ L
′) (mod 2) ;
(3) µ(βr L∞, β
r′ L′∞) = µ(L∞, L
′
∞) + 2r − 2r
′;
(4) µ(a∞ L∞, a∞ L
′
∞) = µ(L∞, L
′
∞), for every a∞ ∈ Sp∞(V).
For every positive integer q, the Maslov index µ on Lag∞(V) × Lag∞(V) in-
duces a Z/2qZ-valued Maslov index µ2q on Lagq(V) × Lagq(V) as follows. Let
(L∞, L
′
∞) , (K∞,K
′
∞) be two pairs of elements in Lag∞(V) × Lag∞(V) with the
same projection (Lq, L
′
q) to Lagq(V) × Lagq(V). From Theorem (8.1) it follows
that there exists (r, r′) ∈ Z2 such that
L∞ = β
rK∞ , L
′
∞ = β
rK ′∞ and r ≡ r
′ ≡ (mod q).
Then, in view of Proposition (8.3), we have
µ(L∞, L
′
∞) = µ(K∞,K
′
∞) (mod 2q).
Thus there is a well defined Maslov index µ2q on Lagq(V)× Lagq(V) given by
µ2q(Lq, L
′
q) = µ(L∞, L
′
∞) (mod 2q),(8.4)
where (L∞, L
′
∞) is any element of Lag∞(V) × Lag∞(V) projecting onto (Lq, L
′
q).
Similarly to (8.2) and (8.3) we have:
Theorem 8.5. The Maslov index µ2q is the only function
µ2q : Lag2(V)× Lag2(V) −→ Z/2qZ
with the following two properties:
(1) µ2q(Lq, L
′
q)−µ2q(Lq, L
′′
q)+µ2q(L
′
q, L
′′
q ) = τ2q(L,L
′, L′′), where τ2q(L,L
′, L′′) =
τ(L,L′, L′′) (mod 2q);
(2) µ2q(Lq, L
′
q) − τ2q(L,L
′, L′′)is locally constant on the subset {(Lq, L
′
q, L
′′) ∈
Lagq(V)× Lagq(V)× Lag(V) | L ∩ L
′′ = L′ ∩ L′′ = 0}.
Proposition 8.6. The Maslov index µ2q has the following properties:
(1) µ2q(Lq, L
′
q) + µ2q(L
′
q, Lq) = 0;
(2) µ2q(β
r Lq, β
r′ Lq) = µ2q(Lq, L
′
q) + 2r − 2r
′ (mod 2q);
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(3) µ4q : Lag2q(V) × Lag2q(V) → Z is invariant under the action of Spq(V) on
Lag2q(V), that is µ4q(aq L2q, aq L
′
2q) = µ4q(L2q, L
′
2q), for every aq ∈ Spq(V).
We introduce the notation L˜ag(V) = Lag4(V) , µ˜ = µ8 and let L˜ denote a point
in L˜ag(V) which projects onto L in Lag(V). As for the metaplectic group Sp2(V)
we use the standard notation Mp(V).
In Sect.6 we proved that for any three polarizations P1,P2,P3 of the symplectic
torus (T , kω) we have
FP1P3 ◦ FP3P2 ◦ FP2P1 = e
− 2pii
8
τ(LP1 ,LP2 ,LP3) I,
where LP1 , LP2 , LP3 are the corresponding rational Lagrangian subspaces of (V, ω).
According to (8.5) the lift of the Maslov-Kashiwara index τ to L˜ag(V) has the
decomposition:
τ(LP1 , LP2 , LP3) = µ˜(L˜P1 , L˜P2) + µ˜(L˜P2 , L˜P3) + µ˜(L˜P3 , L˜P2) (mod 8).(8.7)
This leads us to define, for any polarization P and for any point L˜P ∈ L˜ag(V)
projecting onto LP ∈ Lag(V), the Hilbert space HL˜P = HP . Then we let
FL˜P2 L˜P1
: HL˜P2
−→ HL˜P1
(8.8)
denote the unitary operator given by
FL˜P2 L˜P1
= e−
pii
4
µ˜(L˜P1 ,L˜P2) FP2P1 .
In view of (8.8) and (8.7) we have the transitive composition law:
FL˜P1 L˜P3
◦ FL˜P3 L˜P2
◦ FL˜P2 L˜P1
= I(8.9)
Thus the Hilbert spaces HL˜P , for all L˜P ∈ L˜ag(V) and all polarizations P of T ,
are canonically identified. Geometric quantization associates to the symplectic
torus (T , kω) together with a choice of 4-fold cover L˜ag(V) of the Lagrangian
Grassmannian Lag(V) a Hilbert space H.
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9. The representation of the integer metaplectic group
In this section we show that the integer symplectic group has a unitary projec-
tive representation on the projective Hilbert space of Sect.3 and that the integer
metaplectic group has a unitary representation on the Hilbert spaces constructed
in Sect.7 and Sect.8.
9.1. Projective representation of the integer symplectic group. We re-
call from Sect.3 that the elements of the integer symplectic group Sp(Z) act by
symplectic diffeomorphisms on the torus (T , kω) and that this action lifts to the
prequantum line bundle L, preserving the connection and the hermitian metric.
Let P be a polarization of T corresponding to a rational Lagrangian plane
LP in the vector space V. An element b in Sp(Z) maps P to a polarization bP
corresponding to the rational Lagrangian plane bLP of V. Hence the action of b
on T lifts to a map of line bundles:
L ⊗ |DetP∗|
1
2
b
−−−→ L⊗ |Det (bP)∗|
1
2y y
T
b
−−−→ T
This gives rise to a map of sections. If s ⊗ µ is a section of L ⊗ |DetP∗|
1
2 , then
b · (s⊗ µ) = (b · s)⊗ (b · µ) is the section of L⊗ |Det (bP)∗|
1
2 defined at any x ∈ T
by
(b · s)(x) = b · s(b−1(x))
(b · µ)b(x)(bW1, . . . , bWg) = µx(W1, · · · ,Wg) ,
where W1, . . . ,Wg are vectors spanning Px. Thus, to each b ∈ Sp(Z), there corre-
sponds a unitary operator b : HP → HbP . Its composition with the intertwining
isomorphism FP,bP : HbP → HP gives a unitary operator
UP (b) = FP,bP ◦ b : HP →HP(9.1)
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For any two polarizations P1,P2 we have the commutative diagram
HP1
FP2P1−−−−→ HP2
b
y yb
HbP1
FbP2,bP1−−−−−→ HbP2
Using this and Theorem (6.5) we find that
UP(b)UP (b
′) = FP,bP ◦ b ◦ FP,b′P ◦ b
′
= FP,bP ◦ FbP,bb′P ◦ bb
′
= e
pii
4
τ(LP ,bLP ,bb
′LP ) FP,bb′P ◦ bb
′
= e
pii
4
τ(LP ,bLP ,bb
′LP )UP (bb
′)
for any b, b′ ∈ Sp(Z). That is, the map b → UP(b) from Sp(Z) into the set of
unitary operators on HP defines a projective representation of the group Sp(Z)
with associated cocycle cP(b, b
′) = e
pii
4
τ(LP ,bLP ,bb
′LP ). Hence we have:
Theorem 9.2. The group Sp(Z) has a unitary projective representation on the
projective Hilbert space PH associated through quantization to (T , kω).
We determine now the explicit form of this representation. Let us fix a po-
larization P and a symplectic frame (Wi ;W
⊥
i ) of (T , kω) as in (3.5), with P =
spanR{W1, . . . ,Wg}. With respect to the basis (Wi ;W
⊥
i ) we identify the group
Sp(Z) with the symplectic group Sp(2g,Z) with Z-coefficients. The generators of
Sp(Z) are the elements with matrix form
α =

A 0
0 tA−1

 β =

I B
0 I

 γ =

 0 I
−I 0

(9.3)
with A ∈ GL(g,Z) and B ∈ M(g,Z), tB = B. As mentioned in Sect.3, the
choice of basis (Wi ;W
⊥
i ) uniquely determines a standard unitary basis {σq =
sq ⊗ δq}q∈(Z/kZ)g of HP and we have
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Proposition 9.4. The projective representation of Sp(Z) on HP is described by
the following unitary operators representing the generators:
UP(α)σq = σtA−1q
UP(β)σq = e
pii
k
tqBq σq
UP(γ)σq = k
− g
2
∑
q1∈(Z/kZ)g
e
2pii
k
tqq1 σq1
Proof. Case 1. Assume that b ∈ Sp(Z) maps P to a polarization P ′ = bP and
P ′ 6= P. The symplectic basis (W ′i = bWi ;W
′⊥
i = bW
⊥
i ) uniquely determines a
standard unitary basis {σ′q = s
′
q ⊗ δ
′
q} for HP ′ . We can easily deduce that the
symplectic potential θP ′ defined by the relations
(W ′i | θP ′)X = 0
(W
′⊥
i
| θP ′)X = ω(X,W
′⊥
i )
satisfies b∗θP ′ = θP . From the above expression together with the invariance
b∗θ0 = θ0 and the defining relations θP = θ0+dKP , θP ′ = θ0+dKP ′ and KP(0) =
KP ′(0) = 0 for the functions KP and KP ′ , we find that
KP ′ · b−KP = 0 .
Now, a direct application of the definition (3.13)-(3.14) of the section sq of L and
of the definition (3.2) of the Sp(Z)-action leads to the conclusion that
b · sq = s
′
q ,
where s′q is the section of L over the Bohr-Sommerfeld leave Λ
′
q described by the
equations: kω(W ′i ,X) = qi (mod k). Also, due to the invariance of the canonical
1
2 -density δ under Sp(Z) we have, letting δ
′
q = δ
∣∣
Λ′q
,
b · δq = δ
′
q .
Let us now specialize the above formulas to the element γ =
(
0 I
−I 0
)
and P ′ = γP.
Then (W ′i = −W
⊥
i ;W
′⊥
i = Wi) and P
′ ∩ P = 0. Moreover, any two Bohr-
Sommerfeld leaves Λq of P and Λ
′
q′ of P
′ intersect in only one point. With the
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appropriate identifications, the expression of the matrix representing the operator
FPP ′ : HP ′ → HP with respect to the standard unitary bases {σ
′
q} and {σq} can
be read from (4.13). We find that UP(γ)σq = (FPP ′ ◦γ)(σq) = FPP ′(σ
′
q) has the
form show in (9.4).
Case 2. Assume that the element b ∈ Sp(Z) preserves the polarization P, that is,
bP = P. Then b must have the following matrix form with respect to the basis
(Wi ;W
⊥
i ):
b =

A B
0 tA−1

 A ∈ GL(g,Z) , B ∈M(g,Z)
t(A−1B) = A−1B
Also, for any W ∈ P, we have
W | d(KP · b−KP) = W |(b
∗θP − θP) = 0
This means that the function KP · b − KP is constant along the leaves of the
polarization P. Making use of the relations (3.7) we find that the value of this
constant on a Bohr-Sommerfeld leave Λq : kω(Wi,X) = qi (mod k) is
KP (bX)−KP(X) =
1
2
tq
k
(A−1B)
q
k
If x ∈ Λq then b(x) ∈ ΛtA−1q, since from the relations bWi = AjiWj and from
kω(bWi, bX) = kω(Wi,X) = qi (mod k), it follows that kω(Wj , bX) = (
tA−1)ijqi
(mod k) which is the equation defining the Bohr-Sommerfeld orbit ΛtA−1q. Having
this in view we find that
b · sq = e
pii
k
tq(A−1B)q stA−1q
b · δq = δtA−1q
Taking b equal to the element α or to β leads to the expressions given in (9.4).
The projective representation of Sp(Z) on PH constructed above coincides with
the projective representation of this group defined in [G] on the vector space of
theta functions at level k obtained through the quantization of a symplectic torus
in a holomorphic (Ka¨hler) polarization.
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9.2. The Maslov index and the representation of the integer metaplectic
group. Let ρ : Mp(V) → Sp(V) be the 2 : 1 covering homomorphism from the
metaplectic group to the symplectic group of (V, ω). The integer metaplectic group
Mp(Z) is defined as the preimage ρ−1(Sp(Z)).
The group Mp(Z) acts on the 4-fold cover L˜ag(V) of Lag(V) and preserves the
subset of elements in L˜ag(V) which project to Lag(V) onto rational Lagrangian
subspaces. Having in view the definitions and notations of Sect.8, we associate
to each element b˜ ∈ Mp(Z) covering the element b ∈ Sp(Z) the unitary map of
Hilbert spaces b˜ : HL˜P → Hb˜L˜P defined by setting b˜ = b : HP → HbP . The
composition of b˜ with FL˜P ,b˜L˜P : Hb˜L˜P → HL˜P is a unitary operator UP(b˜) =
FL˜P ,b˜L˜P ◦ b˜ on HL˜P = HP . Moreover, for any two polarizations P1,P2 and for any
L˜P1 , L˜P2 ∈ L˜ag(V) covering LP1 and LP2 , we have Fb˜L˜P2 ,b˜L˜P1
◦ b˜ = b˜ ◦ FL˜P2 ,L˜P1
.
Together with Theorem (7.9) this implies that
UP(b˜)UP(b˜
′) = UP(b˜b˜
′), for any b˜, b˜′ ∈Mp(Z).
The map b˜ 7→ UP(b˜) defines a unitary representation of the group Mp(Z) on the
Hilbert space HP . One can easily check that FL˜P2 ,L˜P1
◦UP1(b˜)◦FL˜P1 ,L˜P2
= UP2(b˜).
Thus we can state:
Theorem 9.5. The group Mp(Z) has a unitary representation on the Hilbert
space H associated through quantization to (T , kω, L˜ag(V)).
This representation ofMp(Z) is the analog to the present setting of the Shale-Weil
representation of the real metaplectic group on the infinite dimensional Hilbert
space associated through quantization to a symplectic linear space [GS, LV].
In order to give an explicit expression of the unitary operators representing the
elements of Mp(Z) on the Hilbert space we seek a description of Mp(Z) in terms
of generators. To that end we make use of the following results from ([Go], §3).
The notations are those of Sect.8. Fix a Lagrangian plane L ∈ Lag(V). Then we
have:
• The q-fold cover Lagq(V) can be identified with the set [Lag(V) × Z2q]L =
{(L′, λ) | λ ≡ g−dim(L∩L′) (mod 2)}. The latter can be equipped with a topology
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which makes it homeomorphic to Lagq(V) and the natural projection [Lag(V) ×
Z2q]L → Lag(V) continuous. If Lˆ1 = (L1, λ1), Lˆ2 = (L2, λ2) ∈ [Lag(V) × Z2q]L
then the Maslov index µ2q(Lˆ1, Lˆ2) is given by
µ2q(Lˆ1, Lˆ2) = λ1 − λ2 + τ(L,L1, L2) (mod 2q)(9.6)
• The q-fold covering group Spq(V) of the symplectic group Sp(V) can be identi-
fied with the group [Sp(V)× Z4q]L = {(b, z) | z ≡ µ(b∞L∞, L∞) (mod 4)}, where
b∞ ∈ Sp∞(V) and L∞ ∈ Lag∞(V) are arbitrary elements projecting onto b
and L, respectively. We note that due to (8.1) and (8.3) we have, for every
r ∈ Z, µ((αrb∞)L∞, L∞) = µ(b∞L∞, L∞) + 4r and µ(b∞(β
rL∞), β
rL∞) =
µ(b∞L∞, L∞), so that the expression µ(b∞L∞, L∞) (mod 4) is independent of
the choices b∞ and L∞ projecting onto b and L. The composition law in the group
[Sp(V)× Z4q]L is given by
(b, z) (b′, z′) =
(
bb′ , z + z′ + τ(L, bL, bb′L) (mod 4q)
)
(9.7)
The group [Sp(V)×Z4q]L can be equipped with a topology which makes it isomor-
phic to Spq(V) as topological groups and for which the projection map [Sp(V) ×
Z4q]L → Sp(V) is continuous.
• The group Spq(V) ∼= [Sp(V) × Z4q]L acts transitively on the space Lag2q(V) ∼=
[Lag(V)× Z4q]L by
(b, z) (L′, λ) =
(
bL′, z + λ+ τ(L, bL, bL′) (mod 4q)
)
(9.8)
Therefore, for the integer metaplectic group Mp(Z) ⊂ Mp(V) = Sp2(V) which
interests us, we get the identification
Mp(Z) ∼= [Sp(Z)× Z8]L = {(b, z) | z ≡ µ(b∞L∞, L∞) (mod 4)}
This will enable us to give a description of the generators of Mp(Z). Let us first
make the following remarks.
Remark 9.9. Let (b, zb) be an element of [Sp(Z) × Z8]L such that bL = L and
let L+ denote the Lagrangian L with a choice of orientation. Since Sp(V) acts on
the space Lag2(V) of oriented Lagrangian planes, we can easily deduce, using (9.8)
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and the equality µ(b∞L∞, L∞) ≡ g − dim(bL ∩ L) (mod 2) ≡ 0 (mod 2), that:
1) If bL+ = L+ then zb ≡ 0 (mod 4).
2) If bL+ 6= L+ then zb ≡ 2 (mod 4).
Remark 9.10. Let us consider the elements (γ, zγ) and (β1, zβ1) of [Sp(Z) ×
Z8]L. The elements γ and β1 belong to the set (9.3) of generators of Sp(Z) and
are described by the matrices γ =
(
0 I
−I 0
)
and β1 =
(
I I
0 I
)
, with respect to a
symplectic basis (Wi ;W
⊥
i ) of V with L = spanR{W1, . . . ,Wg}. Since γL ∩ L = 0
and µ(γ∞L∞, L∞) ≡ g − dim(γL ∩ L) (mod 2) ≡ g (mod 2) we must have the
equality zγ ≡ g (mod 2). Applying the multiplication rule (9.7) and using the
fact that (γβ1)
3 = e we find that ((γ, zγ)(β1, zβ1))
3 = (e, 3zγ + 3zβ1 + g). By the
previous remark we must have zβ1 ≡ 0 (mod 4) and 3zγ + 3zβ1 + g ≡ 0 (mod 4).
This leads to the conclusion that zγ ≡ g (mod 4).
In view of the above remarks, we can see that the groupMp(Z) ∼= [Sp(Z)×Z8]L
has as generators the elements:
ε˜ = (e, 4)(9.11)
β˜ = (β, 0), where β =
(
I B
0 I
)
, B ∈M(g,Z), tB = B
α˜ = (α, zα), where α =
(
A 0
0 tA−1
)
, A ∈ GL(g,Z),
and zα =


0, if detA > 0
2, if detA < 0
γ˜ = (γ, zγ), where γ =
(
0 I
−I 0
)
,
and zγ = i, if g ≡ i (mod 8), i = 0, 1, 2, . . . , 7
e˜ = (e, 0), the identity element
where the matrix representations of the corresponding elements of Sp(Z) are with
respect to the symplectic basis (Wi ;W
⊥
i ). We note that
(γ˜β˜1)
3 =


e˜, if g = even
ε˜, if g = odd
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where β˜1 = (β1, 0) with β1 =
(
I I
0 I
)
, and that
(γ˜)4 =


e˜, if g = even
ε˜, if g = odd.
In particular, for g = 1, we have the group Sp(Z) = SL(2,Z) with standard
generators the matrices S =
(
0 1
−1 0
)
and T = ( 1 10 1 ) subject to the relations (ST )
3 =
I, S4 = I. The integer metaplectic group Mp(Z) = Mp(2,Z) has generators
S˜ = (S, 5), T˜ = (T, 0), ε˜ = (e, 4) and the identity e˜ = (e, 0), satisfying the
relations (S˜T˜ )3 = e˜ and (S˜)4 = ε˜.
Let us now take L to be a rational Lagrangian plane LP which determines
a polarization P on the torus (T = V/Z, kω). We choose an element L˜P in
L˜ag(V) ∼= [Lag(V) × Z8]LP projecting onto LP and look for the representation
of the group Mp(Z) on the Hilbert space HL˜P . To each element b˜ = (b, zb) in
Mp(Z) ∼= [Sp(Z)× Z8]LP there corresponds a unitary operator on HL˜P = HP
UP(b˜) = FL˜P ,b˜L˜P ◦ b˜ = e
−pii
4
µ˜(L˜P ,b˜L˜P )FP,bP ◦ b = e
pii
4
zbUP(b)
Using the results (9.4) for the representation UP of Sp(Z) on HP we obtain:
Proposition 9.12. The representation of Mp(Z) on HP is described by the fol-
lowing unitary operators representing the generators
UP(ε˜)σq = e
πi σq
UP(α˜)σq = e
pii
4
zα σtA−1q
UP(β˜)σq = e
pii
k
tqBq σq
UP(γ˜)σq = k
− g
2 e
pii
4
zγ
∑
q1∈(Z/kZ)g
e
2pii
k
tqq1 σq1
In particular, for g = 1, we obtain the representation of Mp(2,Z) described by
UP(ε˜)qq′ = e
πi δqq′
UP(T˜ )qq′ = e
pii
k
q2 δqq′
UP(S˜)qq′ = k
− 1
2 e
5pii
4 e
2pii
k
qq′
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9.3. The metaplectic correction and the representation of the integer
metaplectic group. We recall that in Sect.7 we fixed an invariant symplec-
tic frame (U1, . . . , Ug;V1, . . . , Vg) of (T , kω) which determined the trivialization
SP (T ) = T ×Sp(2g,R) and chose the metaplectic frame bundle to be the product
bundleMP (T ) = T ×Mp(2g,R). With respect to the symplectic basis (Ui ;Vi) of
(V, kω) we identify the group Sp(V) with the real symplectic group Sp(2g,R), the
subgroup Sp(Z) ⊂ Sp(V) with the integer symplectic group Sp(2g,Z), the group
Mp(V) with the real metaplectic group Mp(2g,R) and the subgroup Mp(Z) ⊂
Mp(V) with the integer metaplectic group Mp(2g,Z).
Any element b in Sp(Z) induces a bundle automorphism b : SP (T ) → SP (T )
which, under the above mentioned identifications, is described by the left-action
(x, c) ∈ T × Sp(2g,R)
b
−→ (b(x), bc) ∈ T × Sp(2g,R)
Any b˜ ∈Mp(Z) acts on (T , kω) as a symplectic diffeomorphism through its projec-
tion b = ρ(b˜) ∈ Sp(Z). The action lifts to an automorphism b˜ :MP (T )→MP (T )
of the metaplectic frame bundle described by
(x, c˜) ∈ T ×Mp(2g,R)
b˜
−→ (b(x), b˜c˜) ∈ T ×Mp(2g,R)
Remark 9.13. Let MP ǫ(T ) denote a nontrivial metaplectic frame bundle deter-
mined by a homomorphism ǫ : Z → Z/2Z (see Sect.7). Then, only the elements
b˜ in Mp(Z) with projection b = ρ(b˜) to Sp(Z) satisfying ǫ(bW ) = ǫ(W ), for all
W ∈ Z, define bundle automorphisms b˜ : MP ǫ(T )→MP ǫ(T ).
For any polarization P of (T , kω), an element b ∈ Sp(Z) induces a bundle
morphism b : GL(P)→ GL(bP) between the bundles of linear frames of P and of
bP. The bundle automorphism b˜ : MP (T ) → MP (T ) determined by b˜ ∈ Mp(Z)
induces a morphism of metalinear frame bundles b˜ : ML(P) → ML(bP). Hence
there is an induced morphism between the corresponding half-forms bundles, b˜ :
(DetP∗)
1
2 → (Det (bP)∗)
1
2 . In conclusion, any b˜ in Mp(Z) gives rise to a map of
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line bundles
L ⊗ (DetP∗)
1
2
b˜
−−−→ L⊗ (Det (bP)∗)
1
2y y
T
b
−−−→ T
The induced map on the space of sections sends a section s ⊗ µ of L ⊗ (DetP∗)
1
2
to the section (b˜ · s)⊗ (b˜ · µ) of L ⊗ (Det (bP)∗)
1
2 defined at any x ∈ T by
(b˜ · s)(x) = (b · s)(x) = b s(b−1(x))(9.14)
and
(b˜ · µ)♯ = µ♯ · b˜−1 ,(9.15)
where µ♯ : ML(P) → C is the ML(g,R)-equivariant function associated to µ.
Therefore we have a unitary map of Hilbert spaces b˜ : H˜P → H˜bP . Its composition
with the operator F˜P,bP : HbP →HP arising from the BKS pairing gives a unitary
operator U˜P(b˜) = F˜P,bP ◦ b˜ on H˜P . Theorem (7.9) together with the fact that
F˜bP2,bP1 ◦ b˜ = b˜ ◦ F˜P2P1 , for any two polarizations P1 and P2, imply that
U˜P(b˜) U˜P (b˜
′) = U˜P(b˜b˜
′), for any b˜, b˜′ ∈Mp(Z) .(9.16)
Thus, the assignment b˜ 7→ U˜P (b˜) defines a unitary representation ofMp(Z) on H˜P
and we can state:
Theorem 9.17. The group Mp(Z) has a unitary representation on the Hilbert
space H˜ associated through quantization to (T , kω,Mp(T )).
We determine the explicit form of the representation. We fix a polarization P
and a symplectic frame (Wi ;W
⊥
i ) of (T , ω) as in (3.5), with P = spanR{W1, . . . ,Wg}.
Then we take (Ui = Wi ;Vi =
1
kW
⊥
i ) as the symplectic frame for (T , kω) with re-
spect to which we choose to trivialize the symplectic frame bundle and to define
the metaplectic frame bundle. Recall from (7.1) that the linear frame bundle
GL(P) is a subbundle of the bundle of Lagrangian frames F l(T ) = SP (T )/N =
T × Sp(2g,R)/N . The frame field W x = (W1, . . . ,Wg)x ∈ GL(P)x is identified to
(x, eN) ∈ T × Sp(2g,R)/N . The metalinear frame bundle ML(P) is a subbundle
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of F˜ l(T ) =MP (T )/N = T ×Mp(2g,R)/N covering GL(P). We define the section
δ of (DetP∗)
1
2 by setting δ♯(W˜ ) = 1, where W˜ ∈ ML(P) is the metalinear frame
field projecting onto W given by W˜ x = (x, e˜N). Then, as shown in Sect.7.1, we
have a uniquely determined standard unitary basis {σq = sq ⊗ δq} of the Hilbert
space H˜P .
Let β˜ ∈Mp(Z) be the element projecting onto the element β ∈ Sp(Z) given in
(9.3) and such that β˜ · W˜ = W˜ . Then β˜ · sq = β · sq and β˜ · δq = δq, so that β˜ is
represented on H˜P by the unitary operator
U˜P(β˜)σq = e
pii
k
tqBq σq .
Let ε˜ ∈ Mp(Z) be the element covering the identity e ∈ Sp(Z) and such that
ε˜ 6= e˜. Then ε˜ belongs also to the metalinear group ML(g,Z) ⊂ Mp(2g,Z) and
χ(ε˜) = eπi = −1. According to (9.15) we have
(ε˜ · δ)♯(W˜ ) = δ♯(ε˜−1 · W˜ ) = δ♯(W˜ · ε˜−1) = χ(ε˜)−1δ♯(W˜ ) = χ(ε˜)−1 = eπi .
Thus ε˜ · δ = eπi δ and we have
U˜P(ε˜)σq = e
πi σq .
Let α˜ ∈Mp(Z) be an element projecting onto α =
(
A 0
0 tA−1
)
of (9.3). Then, since
α ∈ GL(g,Z) ⊂ Sp(2g,Z), we have α˜ ∈ML(g,Z) ⊂Mp(2g,Z). Therefore we get
(α˜ · δ)♯(W˜ ) = δ♯(α˜−1 · W˜ ) = δ♯(W˜ · α˜−1) = χ(α˜)−1δ♯(W˜ ) = χ(α˜)−1
That is, α˜ · δ = χ(α˜)−1δ and we have
α˜ · sq = α · sq = stA−1q
α˜ · δq = χ(α˜)
−1 δtA−1q
Thus we get
U˜P (α˜)σq = χ(α˜)
−1 σtA−1q
Let j˜ ∈ Mp(Z) be the element introduced in Sect.7.2 which projects onto j =(
0 −I
I 0
)
∈ Sp(Z). Note that jγ = e where γ is the element defined in (9.3). Let
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P ′ = jP and W ′ = j ·W . Let W˜
′
= j˜ · W˜ and define the section δ′ of (DetP
′∗)
1
2
by δ
′♯(W˜
′
) = 1. Then j˜ · δq = δ
′
q and j˜ · sq = s
′
q. Therefore we get
U˜P(j˜)σq = (F˜P,jP ◦ j˜)(sq ⊗ δq) = F˜P,jP(s
′
q ⊗ δ
′
q)
= k−
g
2 e−
pii
4
g
∑
q1∈(Z/kZ)g
e−
2pii
k
tqq1 σq1
where the last equality follows from the general formulas (4.13) and (7.7). Let
γ˜ ∈Mp(Z) be the element covering γ and satisfying γ˜j˜ = e˜. Then U˜P(γ˜)U˜P (j˜) = I
and therefore
U˜P(γ˜)σq = k
− g
2 e
pii
4
g
∑
q1∈(Z/kZ)g
e
2pii
k
tqq1 σq1(9.18)
A comparison of the above results to those of the previous subsection shows that
we obtain the same representation of Mp(Z).
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